Ultra-Fast Deterministic Approximate Near Neighbor Search
in High Dimensions

Abstract

We study the (1 + n,r)-approximate near neighbor problem (ANN) in high-
dimensional Euclidean space, focusing on the “ultra-fast” regime: data structures
of size polynomial in n and d that answer queries in d - poly log(n, 1/n) time. Two
classic results anchor this regime. The [IM98] data structure achieves linear-in-d query
time but is only correct per query with high probability over its construction, so its
failure probability cannot be amplified without rebuilding. The [KOR98] data structure
allows amplification via query randomness but pays a quadratic dependence on d.
We resolve the natural question left open by these works, giving a data structure of
poly(n,d) space whose query algorithm is deterministic and runs in worst-case time
d - polylog(n,1/n), correct simultaneously for all queries.



1 Introduction

In the near neighbor search problem, we are given a set X of n points in d-dimensional
Euclidean space, and the goal is to build a data structure that, given a query point g,
reports a point of X within distance r of ¢ under the Euclidean metric, if one exists. This
problem arises throughout computer science, with applications in databases, data mining,
information retrieval, computer vision, and signal processing. Efficient algorithms are
known when the dimension d is “low” (e.g., [Mei93], building on [Cla88]). However, despite
decades of effort, current solutions suffer from the curse of dimensionality, i.e., space or
query time exponential in d . To overcome this, starting in the late 1990s, researchers
proposed approzimation algorithms [KOR98, IM98|. In the (1 + 7, 7)-approximate near
neighbor problem (ANN), the data structure may return any point whose Euclidean
distance from the query is at most (1 + n)r, for an approximation factor 1 + 7 > 1. Many
such algorithms are known, offering tradeoffs among approximation factor, space, and
query time.

In this paper we focus on the “ultra-fast” endpoint of this tradeoff, namely data
structures with very fast query time, while preserving space polynomial in n and d (for
any constant 7). In fact, this was the focus of the earliest papers in the late-1990s wave of
results [KOR98, IM98]. Both papers give algorithms with nPoY (/1) gpace and the following
probabilistic query-time guarantees:

e [IM98]: A d - polylog(n,1/n) query-time bound, with the following correctness
guarantee: for each query point ¢, the data structure is correct with probability
1 —1/poly(n), taken over the randomness generated during the construction of the
data structure.

e [KOR98]: A d? - polylog(n,1/n) query-time bound, with the following correctness
guarantee: for each query point ¢, the data structure is correct with probability
1 —1/poly(n), taken over the randomness generated during the query procedure.

This presents a natural tradeoff. On the one hand, the guarantee of [KOR98| is stronger,
as the failure probability can be reduced by repeating the query procedure; this cannot be
done for [IM98], since doing so would require rebuilding the data structure. On the other
hand, the query-time bound of [IM98] has only linear dependence on d.

This leads to a natural question: is there a poly(n, d)-size data structure that guarantees
d - polylog(n,1/n) query time in the worst case, for all queries? Perhaps surprisingly, to
the best of our knowledge there has been no further progress on this question since the
original work of [KOR98] and [IM98].

1.1 Our results

In this work, we resolve this natural question, giving a data structure of poly(n,d) space
whose query algorithm is deterministic and runs in worst-case time d - poly log(n, 1/7),
correct simultaneously for all queries. Formally, our main result is the following.

Theorem 1.1. Let n,d € Zqo and let n € (0,1/2), such that n >> d > poly(logn,n~1).
There exists a randomized algorithm A such that given a pointset X C R of size n, with



0.9 probability, algorithm A outputs a data structure with a function QUERY : RY — X
that satisfies:

Vg € R : ||g — QUERY(q)||2 < (1 + O(n)) min ¢ - 2.

The data structure takes poly(n,d) space for a fized n. The QUERY function is deter-
ministic and Tuns in time

dpoly(logn,n™ ).

Crucially, our data structure uses randomness only for the initialization and prepro-
cessing the database. Once the data structure is successfully initialized and preprocessed,
it correctly responds to every possible query g € R? deterministically in linear time in d.

1.2 Our techniques

Our data structure is composed of t = ©(dlogn) independent copies of a randomized ANN
data structure in the lower dimension poly(logn,n~!). To construct these low-dimensional
ANN data structures, we combine the randomized mapping of [FI26] with the ANN data
structure of [IM98]. As mentioned in the introduction, [IM98] gives a data structure whose
query algorithm is deterministic, but only succeeds with high probability for each fixed
query, where the probability is over the randomness of constructing the data structure. We
show that, using sufficiently many low-dimensional projections of the inputs via the map of
[F126], this point-wise guarantee can be upgraded to a guarantee that holds simultaneously
for all queries.

Outline of the data structure. We start with the randomized linear map M from
[F126]. The output Mz is divided into K = O(d) consecutive blocks z;(z), -+ , zx(z). The
crucial property is that, once M is successfully generated, simultaneously for every z € R,
the squared norms of these blocks are close to ||z/|3 on average:
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Moreover, each block has dimension poly(logn,n~!), and Mz can be computed in near-
linear time in d. In the rest of this section, we condition on M being successfully generated.
For each construction iteration i € [t], where t = ©(dlogn), we independently sample
O(logn/e?) blocks of Mz and concatenate these sampled blocks. We use the same M and
block-sampling for every database points € X. Finally, we build a low-dimensional ANN
data structure of [IM98] on the resulting projected database. Given a query ¢, we compute
Mgq, query all ¢t low-dimensional data structures, and obtain candidates p1,--- ,p: € X.
In other words, we use M as a mixing procedure, which produces many low-dimensional
projections. For any ¢ and any z, the squared distance ||g — z||3 is roughly preserved
by a large fraction of these projections. Thus the hope is that at least some of the data
structures built against the projected databases will output a correct candidate.



Point-wise correctness. Fix a query ¢q. We say that one iteration i € [t] is good for
q if three events occur. First, the sampled projection does not significantly increase the
distance from ¢ to its nearest neighbor in the database. Second, it does not significantly
decrease the distance from ¢ to any database point. Third, the ANN data structure of
[IM98] is correctly constructed for this query ¢’s corresponding projection.

If an iteration 7 is good, then the correctness of [IM98] immediately implies that its
candidate p; is an approximate nearest neighbor in the original space. Thus, the main
question is how likely an iteration is to be good. Using Eq. (1) we show the point-wise
guarantee that for every fixed query, a random iteration is good with probability at least
0.9.

From point-wise to for-all. One difficulty is that the above argument only applies to
a fixed ¢. And it is unclear how to union bound over all ¢ € R%, e.g., a standard e-net
discretization argument over the unit sphere does not seem to work, since e-close queries
on the sphere can have very different nearest neighbors.

To overcome this difficulty, we shift the discretization from the query space to the
space of randomness. Let I' denote the space of randomness of sampling the projection
and constructing the [IM98] data structure for one iteration. And for every query ¢, define

Gy := {7y €T : v defines a good iteration for ¢}.

This is well-defined since whether an iteration is good is completely determined by the
randomness used to initialize this iteration. The point-wise argument above says that the
probability measure of every G, is at least 0.9. We then show that the family of sets

G :={G,:qcRY

has a VC-dimension only O(dlogn). This follows from the observation that whether each
~ is good for a query ¢ is completely determined by the signs of degree-2 polynomials
that check whether the (squared) distance preservation properties are met. Counting the
number of these polynomials and applying a bound on realizable sign patterns of low-degree
polynomials [AS88] then implies the VC-dimension bound.

Therefore, we can apply the uniform convergence theorem for families of bounded VC
dimension [VC71, BEHWS89]. After taking t = O(dlogn) independent iterations, with
high probability the empirical fraction of good iterations is simultaneously close to its
expectation for every query ¢ € R%. In particular, we obtain the stronger guarantee that
with high constant probability over v1,--- , 7y,

1
VgeRY: Zie[t]:% is good for ¢| > 0.8.

Efficient outputting. It remains to efficiently select a good candidate among p1, ..., ps.
Computing all true distances ||g — p;||2 would take quadratic time in d. Instead, we reuse
the sampled blocks above to obtain fast estimates of these distances. Using a similar
point-wise argument followed by uniform convergence, we show that, simultaneously for
every query ¢, a 0.95-fraction of the sampled block sets yield median-based estimates that
accurately approximate the distance from ¢ to every database point.



We then use these estimates in a halving procedure. In each round, we divide the
sampled block sets evenly among the current candidates. Each candidate is scored using
only its assigned block sets, and we retain the half of candidates with the smallest scores.
Since at least a 0.8-fraction of the initial candidates are good and only a 0.05-fraction of
the sampled block sets are inaccurate, a constant fraction of good candidates survives every
round, with only a 1+ O(n/logt) loss in the approximation factor. After logt rounds, one
candidate remains, with total approximation loss 1 + O(n). The total running time of this
procedure is d - poly(logn,n~1).

2 QOwur Data Structure

Notations. For any integer n € Z~(, we use [n] to denote the set of integers {1,--- ,n}.
For any integer m € Zsg, any vector x € R, and any subset T C [m], we use zp € R/
to denote a subvector of x indexed by the set T'. Similarly, when T is an ordered multi-set
(i.e. a sequence), zp € RITT denotes a vector consisting of coordinates of z, indexed by
elements in T in the specified order.

2.1 Construction with a quadratic output time

In this section, we describe our algorithm, which satisfies the guarantees in Theorem 1.1,
except that the last output line (Line 13) naively computes t = O(dlogn) Euclidean
distances in R, which takes quadratic time in d. In Section 2.3, we will describe how to
replace this naive outputting step with a halving procedure that runs in linear time in d.

Let n,d € Z~¢ and n > d > polylogn. Throughout this paper, we assume that the
distances between all relevant vectors are unique and non-zero.

Lemma 2.1 ([FI26]). For any C such that logd < C < d, there exist integers K = O(d),
I, - ,lg = O(C3polylogd) and a randomized algorithm A, such that with .99 probability,
algorithm A outputs a linear map M : R — REk=1b% with the following guarantee:

For all z € RY, Mz can be written as Mz = @K zi(z) for block vectors zj,(x) € R
depending on x, such that

K

K
> |llze@) I3 = ] < Fllell.
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Moreover, Mx can be computed in O(Cdlogd + C3dlogC) time.

In English, Mz can be partitioned into K consecutive blocks, and each block has a
squared norm close to the squared norm of x.

In the following, we denote Ly := Zle l; for each k € [K]. In particular, the output
dimension of M becomes Lg = Zszl I, = O(d - C3polylogd). We also denote the index
sets

I, = {i€Z>0:Lk_1 <i§Lk}

for each k € [K], where Ly is interpreted as 0. In this way, for any = € R? and any k € [K],
the block vector zi(x) can be formally identified as the subvector (Muz)y, .



Theorem 2.2 ([IM98]). Given a dimension parameter m € Zq, a database size n € Z~o,

and any n € (0,1/2), there exists some dpg = @(longgn) such that if we sample a random

linear map

II: R™ — R%M

represented by a div X m matriz whose entries are independent samples from N (0,1/dm),
then for every fized size-n database Y C R™ and every fized query vector u € R™, with
probability at least .99 over the sampling of 11, we have simultaneously for all y € Y that

(1= n)llu—yll5 < [T(u—y)ll5 < 1+ n)llu—ylls- (2)

Moreover, for every fixed realization of 11, there is a Las Vegas preprocessing algorithm
that constructs an KgIM -ANN data structure D with database IIY. The preprocessing
algorithm always outputs a correct data structure and has expected running time

n(1/n)°) poly(di, log n).

For every query v € RUM | the query algorithm is deterministic and outputs a point p € Y
satisfying
[l —Tpll2 < (1 +n)min [[u’ — Ilyl|s.
yey

The space usage is npoly logn - (1/7)°4) and the query time is dpy poly log n.

We note that the .99 probability in Theorem 2.2 is taken only over the Gaussian
projection II and concerns the distance-preservation event in Theorem 2.2. In contrast,
the randomness used to construct the low-dimensional data structure is Las Vegas: it
only affects the preprocessing running time but not the correctness: for every outcome of
this randomness, the preprocessing algorithm either continues running or outputs a data
structure that successfully answers every query u' € R%M,

We describe our data structure in Algorithm 1.



Algorithm 1 For-All ANN Data Structure for £o
1: input: Input size n, dimension d, and error 7. Parameters ¢, B, dn € Z~o and C' > 0 to be
specified later.

2: Sample M as described in Lemma 2.1 with parameter C' . Let K denote the number of blocks
defined by M.

3: procedure PREPROCESS(X C RY) > Preprocess a size n database X.

4: for i € [t] do

5: Let S; be a size-B set of indices uniformly sampled with replacement from [K].

6: Define an ordered multi-set T; := Ukes,; 1. > Repeated elements are stored separately.

7: Sample an independent random linear map II; : RIZil — R9™ ag described in Theorem 2.2.

8: Initialize the deterministic-query égIM—ANN data structure D; from Theorem 2.2 with
database

{ni (\/IE(Mx)Ti) v X}.

> D; also stores the correspondence between each projected point and its original point = € X.

9: procedure QUERY(q € R?)
10: Compute Mgq.
11: for i € [t] do

12: Query D; with II; (ﬁ(/\/lq)qw> Denote the corresponding output point in X by p;.
13: return p := argmin ||g — p;|2.
p; for i€[t]

2.2 Correctness of Algorithm 1

In our following analysis of Algorithm 1 (until Corollary 2.9), we assume that we first
sample M, and condition on the event that the conclusion of Lemma 2.1 holds for every
vector in R?. This event has probability at least .99. We fix M for the rest of the argument.

Let I denote the space of the randomness used by each loop iteration of the PREPROCESS
procedure, with the probability distribution induced by this randomized preprocessing.
Each element v € T" consists of:

e randomness used to sample a size-B ordered multiset S of blocks in Line 5;

e randomness used to sample the Gaussian projection II, : RITI — R%M | where

We will use M, to denote the normalized linear map defined by the set S sampled
using -, i.e.,
1
—(Mo)r, T= 1.

Thus, the complete linear map used by the corresponding invocation of the [IM98] data
structure is II, M., : R? — R,

My =

Definition 2.3. For each arbitrary g € R?, we let xy be a nearest neighbor of q in X. For
any v € I', we say that v is good for q when all three conditions below hold:



(a). (Nearest-neighbor non-inflating.) | M~ (q—z%)|I3 < (1 +n)llq — 2%|3

(b). (Non-shrinking.) For every x € X,
1My (g = 2)lI5 > (1= m)llg - =3.
(c). (Distance preservation under the [IM98] projection.) For every x € X,

(1= n)lIMy(g =23 < T My (g = 2)[5 < 1+ 1) [My(q — 2)|5.

This definition captures whether a random preprocessing (corresponding to one loop
iteration on Line 4) is correct for a fixed query ¢ € R?. Formally, we make the following
claim:

Claim 2.4. For any i € [t] and any q € R?, if ~; is good for q, then the output p; on
Line 12 satisfies
lg = pill2 < (1 +O(M)llq — zg]l2-

Proof. We can derive:

llg = pill3 < (1 +©m) My, (a = po)l3 (Definition 2.3 (b))
< (146, M., (q—pi)l3 (Lower inequality of Definition 2.3 (c))
<(14+6(n) mm T, M., (¢ — )||3 (Correctness of D;)
< (1+@(77))HH%Mm( )13
< (1 +0m) My, (¢ — )3 (Upper inequality of Definition 2.3 (c))
< (1+06Mm)|q- qH2 (Definition 2.3 (a))
as long as 1 € (0,1/2). This implies |lg — pill2 < (1 +©O(n))[lq — z||2 as claimed. O

Therefore, to show that for all query ¢ the output p on Line 13 is an approximate
nearest neighbor, it suffices to show that for every ¢, at least one ~; is good. We first
show the point-wise argument that for each fixed query, a sampled randomness v € I" is
good with high probability. Then we will use this point-wise guarantee to prove the for-all
guarantee.

Lemma 2.5. For anyn € (0,1/2), there exist appropriately chosen
B = 0(logn/n?), C =0(B/n), and  dpg = O(logn/n?),
such that, for every fized query q € R, Py~r [ is good for q] > .9.

Proof. We separately bound the failure probabilities of Definition 2.3(a), Definition 2.3(b),
and Definition 2.3(c). We will show that each condition fails with probability at most .01.
The claimed result then follows by a union bound.



(a) Non-inflating. For each k € [K], we write 2z = 2,(q — 7)) = (M(q — z}))1,. We
define

B:= {k € [K]: ‘szH% —lg— x;n%\ >nllg — x;;H%}-

By Lemma 2.1, we knowthat B < X Indeed, Y5 1‘||z,€\|2 lg— =53 ‘< Kllq—a3]3,

so there can be at most - terms exceedlng nllqg — x*HQ Because the set S is sampled with

replacement, its B elements are independent and each avoids B with 1 — U probability.
Therefore,
|B] B
PSNB=2]=(1-— >1——> .99
[ - (1-5 2

where the last step holds as long as C' > 100B/n. To conclude the argument, we also
observe that (a) holds when SN B = @.

(b) Non-shrinking. We will show that as long as C' > %, for any fixed pair of ¢,z
with 1 — exp(—Q(Bn?)) probability, we have that ||M,(¢ — 2)||3 > (1 — n)|lg — z[|3. Then
choosing appropriate B = O(logn/n?) and a taking a union bound implies that (b) holds
with .99 chance.

For each k € [K], we again write z = z;(q — z) = (M(q — x))1,. We define

Y {||q—x||2 A 0}
H‘J*$H2

In other words, A; counts the non-negative contribution of an index k, scaled by
1/|lg — x||3. We observe that Ay € [0,1] and for every possible sampled set S and its
corresponding 7' = (g Ik

1 1
B > Mella =l = llg = =[13 ~ Sll(M(g = 2))7l3.

kesS
Therefore, it suffices to show that

P[;ZAan

kesS

< exp (—Q(BnQ)).

Because k € S are independent samples, by Hoeffding’s bound, we have that, for any
T>0,

1
P EZAkerE
kesS

If E[% Y kes )\k] < n/2, then we can conclude the proof by setting 7 = 7/2. And this
holds because

Z)\k” < exp(—2B7?).

kesS




E

=

1 1 lg — @113 — llzl3 }
= k| = max{ ,0
EE] -k 3 m {le

kesS

L 5 lllg — I3 — llz& 13
K g — |3
ke[K] 2
1
< =
- C
<n/2

where the second to last step follows from Lemma 2.1, and the last step follows from
the assumption C' > %

(c) Distance preservation. We condition on an arbitrary fixed sample S. Under this
conditioning, M., is fixed, thus {M,(¢ — z) : € X} is a fixed. The projection IL, is
sampled independently of S. Thus, by Theorem 2.2, with probability at least .99 over 1L,
we have simultaneously for every x € X that

(1= mlMs(q = 2)[3 < [T, M, (g = )3 < 1+ 1) [ My (g - 2)]3.

Averaging over the randomness of S gives Definition 2.3 (c¢) with .99 probability.
O

Given the above point-wise guarantee, we next show a for-all guarantee: if we sample ¢-
many independent randomness 71, - -+ ,y; ~ I' (corresponding to ¢ loop iterations on Line 4)
for an appropriate choice of ¢, then for all ¢ € R?, there always exists v € {7y, , %}
that is good for ¢. In fact, we will show a stronger argument that a large fraction of the
sampled randomness is good.

For this purpose, for any ¢ € R, we define the good set Gy :={y eI :~is good for ¢}.
We also define the range family G = {G, : ¢ € R?}. Let z1 denote the probability distribution
on T' induced by the PREPROCESS procedure. By Lemma 2.5, for every fixed ¢ € R¢,

1(Gq) = Pyrly is good for ¢] > .9. (3)
For independent samples 71, ---,v; and any G, € G, we define the empirical measure
of G4 by
1
1 (Gq) == n Z]l[%' € Gyl.

In other words, fi(G,) is the fraction of the ¢t sampled loop iterations that are good for
q. We want to show that uniformly over G, this empirical measure fi is close to the true
measure u. For this purpose, we will apply the following uniform convergence theorem to
the range space (I', G).

10



Theorem 2.6 ([VC71, BEHWS89]). Let (I, G) be a range space with VC-dimension v, and
let p be any probability distribution on I'. Let v1,--- ,v be independent samples from p,
and define

f(G) = % > thi € Gl

for every G € G. Then there exists an absolute constant ¢ > 0 such that for every
a0 €(0,1), if

c 2 2
t > — (vlog— +log— |,
o @ )
then, with probability at least 1 — & over ~y1,--- , 7y, it holds simultaneously for every G € G
that

14(G) — w(G)] < a.

This is saying that if we set « = 0.1 and sample ~1,- -, for ¢ proportional to the
VC-dimension of G, then

1
Py | Vg € R EHZ : v, is good for ¢}| > .8 >1—4.

‘We now bound the VC-dimension of G.
Lemma 2.7. VCdim(G) = O(dlogn).

Proof. We will show that for any set A = {y1,---,v,} C T, its intersection with G, for
any fixed ¢ is fully determined by the signs of n? 4+ 4nv polynomials of degree at most
2 in d real variables, i.e. coordinates of q. Assuming this is true, then we can apply the
following bound on the number of realizable sign vectors:

Theorem 2.8 ([AS88]). Let P1,---,Ps be real polynomials in d real variables, each of
degree at most D. If s > d, then the number of realizable sign vectors
(sgn(Pyi(2)), - ,sgn(Ps(z)) € {—1,0,41}%) : z € R?
is at most (S%Ds)d.
In our application, s < n? 4+ 4nv and D = 2. This implies that

{4anc,:qer}| < (W)d. (4)

Finally, if G shatters A, then this further implies that

2 d
9 < (16e(n d+ 4ny)>

Solving this shows that the maximum v, i.e. the VC-dimension of G, is O(dlogn) as
claimed.

To complete the proof, we observe that the intersection of A with G for any fixed ¢ is
determined by the signs of the following five categories of polynomials:

11



—

. {73]1: i, € X}, which is defined as P} ,.(¢) := |l¢ — =[|3 — llg — 2’[|3. The signs
of these polynomials fully determine the ordering from the nearest to the furthest

neighbors of ¢. In particular, they determine the nearest neighbor x;. There are at
most n? of them.

2. {73%1 cx e X;i€ [y]}, which is defined as P? ;(q) = [ Mo, (g—=)[53— (1 —n)|lg—z]f3-
The signs of these polynomials fully determine whether the non-shrinking condition
holds. There are nv of them.

3. {7353 reXiie [V]}, which is defined as P3 ,(q) := (1+1)[lg — |2 — [ M, (g — )13

Once z7 is determined by the signs of the first category of polynomials, the signs of

these polynomials fully determine whether the non-inflating condition holds. There
are nv of them.

4. {Pﬁ,i cxeX;ie [y]}, which is defined as

Pai(a) = [Ty, Mo, (q = 2)[13 = (1 = )| My, (g — 2)II5.

The signs of these polynomials determine whether the lower inequalities under the
[IM98] projection hold. There are nv of them.

5. {7321 cx € X;i € [y]}, which is defined as

PLi(a) == 1+ )My, (q = 2) 13 — [T, My, (¢ = 2)II5.

The signs of these polynomials determine whether the upper inequalities under the
[IM98] projection hold. There are nv of them.

In summary, the number of distinct intersection A N Gy, across all ¢ € R? is at most
the number of distinct realizable sign vectors

(sen(P(q)) : P € {Pr o} U{PZ} U{PLI U P} U{PL))

across all ¢ € R There are at most n? 4+ 4nv relevant polynomials. Also, because M., and

II,, M., are fixed linear maps, the maximum degree of these polynomials in coordinates of

q is 2 (from taking the square of norms). This justifies Eq. (4) and concludes the proof.
O

Finally, we show the correctness guarantee that with .9 success probability over the
sampling of M and the PREPROCESS procedure, Algorithm 1 deterministically outputs an
(1 + ©(n))-approximate nearest neighbor for all queries ¢ € R

Corollary 2.9. Given parameters n,d,n, and a size-n database X, there exist appropriately
chosen

t=0(dlogn), B=0O(logn/n*), C=6(B/n), di=0(ogn/n’)

12



such that with .9 success probability over the sampling of M and the PREPROCESS procedure,
we have that
Vg € R?: [lg —pll2 < (1+O0(n)llg — 2yl

where p := QUERY(q).

Proof. We condition on an arbitrary fixed realization of M such that the conclusion of
Lemma 2.1 holds. We apply Theorem 2.6 by plugging in v := VCdim(G) = O(dlogn),
with @ = .1 and 0 = .01. Then for an appropriate t = O(dlogn), with probability at least
.99 over the independent samples 71, -, 7, it holds simultaneously for every G, € G that

(Gy) — (G < 1.

By Eq. (3), for every ¢ € R?, 1(Gq) > .9. Therefore, on the above event, simultaneously
for every ¢ € R,

1, . . ~
2100 € [6] 75 good for q}| = Fu(Gy) > 8. (5)

In particular, for every ¢ € RY, there exists at least one i € [t] such that ~; is good for q.
As a result, the candidate p; returned on Line 12 satisfies

lg = pill2 < (1+O(n))llg — 22

The final output p on Line 13 minimizes the true Euclidean distance to ¢ among all
candidates p1,- - -, ps. Therefore,

lg —pll2 < llg —pill2 < (1 +0M))llg — 22

Finally, by a union bound over two failure events (failed sampling of M and the failure
case of Theorem 2.6), each of probability .01, we have that the probability that the claimed
guarantee holds simultaneously for every query is at least .9. The query algorithms of
the data structures Dy, - -- ,D; are deterministic, and the remaining steps of QUERY are
deterministic as well. Therefore, conditioned on the successful preprocessing event, the

claimed approximation guarantee holds deterministically for every ¢ € R
O

2.3 Efficient outputting step

In this section, we replace Line 13 in Algorithm 1 with a halving procedure that runs in
time only linear in d, up to poly(logn,n~!) factors. We crucially rely on the fact that for
every query ¢, there is not only one good sampled iteration, but actually .8¢ of them, i.e.

Eq. (5).
We will use the same sampled sets S1,--- ,S; to estimate the distances from ¢ to the
returned candidates pi,--- ,p¢. Thus, no additional randomness is needed. During the

PREPROCESS procedure, we additionally store Max for every z € X.
We let € := ﬁbgt. For every i € [t], every query ¢ € R? and every z € X, we define
~ ' )
di(g, 2)? = medianges, [[(M(q — 2))r, |3 -

Here, the median counts the elements of the multiset S; with their multiplicities.
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Definition 2.10. We say that S; is valid for q if the following holds:
Vo€ X (1-e)llg— 2|3 < di(g,2)* < (1 +2)lg — 2[l3. (6)

In other words, this definition captures whether a sampled set and its induced median
estimates the true Euclidean distances for a fixed query ¢ against all database points. We
show that, simultaneously for all query ¢ € R?%, most of the already sampled sets S; are
valid.

The proof parallels our proof strategy in the previous section: we first show the point-
wise guarantee that for each fixed query, a sampled set is valid with high probability; then
we bound the VC-dimension of the range family (induced by valid samples) by counting
the sign vectors of polynomials (Theorem 2.8) and show the for-all guarantee using the
uniform convergence theorem (Theorem 2.6).

Lemma 2.11. For appropriately chosen
B =0(logn/n’),  C=6(B/n), t=06(dlogn),

conditioned on a fixed map M satisfying the conclusion of Lemma 2.1, with probability at
least .99 over y1,--- , v, it holds simultaneously for every q € R? that

1
¥|{’L € [t] : S; is valid for q}| > .95.

Proof. As outlined in the paragraph preceding Lemma 2.11, we start with showing the
point-wise guarantee for each g, and then show the for-all guarantee.

Point-wise guarantee. We first fix an arbitrary ¢ € R% and show that one sampled set
S is valid for ¢ with probability at least .99.
Fix any = € X. For each k € [K], write z; = z;(q — ) = (M(q — ))1,, and define

By = {k € [K]: [llz]13 — llg — «ll3] > ellg — =[I3}.

By Lemma 2.1, |B,| < % Also, since Ce = © (%), we may increase the hidden
1

constants in B and C so that o= < %.
Let k1, --- , kp denote the independent samples forming S, and let

Y = 1[k; € By,], j € [B].

Then E[Y;] < 1/20. If d(q, z)? does not satisfy Eq. (6), then at least half of the sampled
blocks belong to B,. Therefore, by Hoeffding’s bound,

< exp(—Q(B)).

N

B
~ 1
Pldlg,2)? # (1% e)lg—ald] <P| £ D% 2
j=1

Taking a union bound over all # € X, and choosing appropriate B = O(logn/n?) gives
Pg[S is valid for ¢] > .99.
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For-all guarantee. It remains to show this claim hold simultaneously for every ¢ € R9.
For every ¢ € R, we define H, := {y € I': S, is valid for ¢} and let H := {H, : ¢ € R%}.
The above point-wise argument shows that p(H,) > .99 for every fixed ¢, where p is the
probability distribution on induced by the PREPROCESS procedure.
We claim that
VCdim(H) = O(dlogn).

Indeed, for every z € X and k € [K], we can define two polynomials

Qu (a) = [(M(g = 2))1, 15 — (1 = &)llg — 13

and
Q7 k(@) == (1+¢)llg — =[5 — [(M(g — 2))1, |15

For any fixed collection of sampled sets, the signs of these polynomials determine which
sampled blocks are accurate for every z € X, and hence determine which sampled sets
are valid for ¢q. There are at most 2n/K such polynomials, each of degree at most 2 in the
coordinates of q.

Therefore, by the sign vector bound (Theorem 2.8), the number of different intersections

. . d .
induced by H is at most (%) . If H shatters a set of size 1/, then

d
o < <32€(;LK) ‘

Since K = O(d) and n > d, this implies v/ = O(dlogn) as claimed.
We now apply the uniform convergence theorem, Theorem 2.6, to (I, H), with o = .04
and § = .01. For an appropriate t = ©(dlogn), with probability at least .99,

1
Vg e R%: ¥|{z € [t] : S; is valid for ¢}| > p(Hy) — .04 > .95.

O]

We now describe the modification of Line 13. Let P = (p1,---,p:) be the list of
candidates returned on Line 12. We repeatedly reduce the number of candidates by half.
When the current list has size M, we arbitrarily partition [t] into M disjoint sets

t
Vlv"'aVM7 |Va’:M

For a candidate p,, for m € [M], we define

score(py,) := median;ey;, di(q, pm)>.

We retain M /2 candidates with the smallest scores (breaking ties arbitrarily). We repeat
this procedure until only one candidate remains, and return this candidate. Equivalently,
Line 13 is replaced with the following procedure.
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Algorithm 2 Halving procedure replacing Line 13 of Algorithm 1
1: Let P« (p1,--- ,pt)-
2: while |P| > 1 do
3: Let M < |P| and write P = (p1,- - ,Dum)-

4 Arbitrarily partition [t] into M sets Vi, -+, Vi, each of size t/M.
5 for m € [M] do

6: Set score(p,,) < median;cy;,, Ji(q,pm)z.

7 Replace P by the M /2 candidates with the smallest scores.

8: return the unique candidate in P.

We next prove that the halving procedure preserves a constant fraction of approximate
nearest neighbors.

Lemma 2.12. Suppose that, for a fized query q,
(a). at least .8t of the initial candidates p1,--- ,py satisfy || —pill2 < (1+0O(n))|lq — z}l2;
(b). at least .95t of the sampled sets S; are valid for q.

Then the candidate returned by the halving procedure satisfies

lg = pllz < (1 +0M))llg = zgll2:

Proof. We prove the following invariant. At the beginning of any round, if the current list
contains M candidates p, then at least .8M of them satisfy ||¢ — p||2 < R for some radius
R. The invariant holds initially with

Ry := (1+0(n))llg — 2.

In the inductive step, consider a round in which the current list has size M, and assume
that the invariant holds with radius R. Each group has size |V;,| = ;. Call the score of a
candidate p,, accurate if

(1 —¢)|lg — pmll3 < score(pm) < (L+¢)|lg — pmll3- (7)

If more than half of the indices in V;,, correspond to valid sampled sets, then the score of
Pm 18 accurate.

There are at most .05¢ invalid sampled sets. Since the groups Vi, - -, Vs are disjoint,
the number of candidate groups containing at least |V}, |/2 invalid sampled sets is at most

.05t .05t

Vo2t M

Therefore, at most .1M candidates receive inaccurate scores.

By the inductive hypothesis, at least .8M candidates p satisfy ||¢ — p||2 < R. Hence, at
least .7M candidates both satisfy ||¢ — pl2 < R and receive accurate scores. Each such
candidate has score at most (1 + ¢)R2. Since we retain M/2 candidates with smallest
scores after each round, and .7M > M /2, the score of every retained candidate is at most
(1+¢e)R2
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By the definition of accurate (Eq. (7)), every retained candidate satisfies ||q — p||3 <
%Rz. Among the M /2 retained candidates, at most .1M have inaccurate scores. There-
fore, at least .4]M retained candidates satisfy |¢ — p||3 < 125 R?, which is .8-fraction of the
candidates for the next round. This proves the invariant.

After log t rounds, only one candidate remains. By the invariant, this candidate satisfies

T logt
8 *
lg —pll2 < ( 1 _€> (1+0Mm)llq— zgll2.

Since we set ¢ = n/(100logt) and n € (0,1/2),

T logt
( — ) < exp(n/50) = 1+ O(n).

Therefore, [|g —pll2 < (1+©O(n))llg — 3|2 as claimed.
O

We conclude with the correctness and running time of the modified algorithm. The
following corollary immediately gives our main result (Theorem 1.1).

Corollary 2.13. Replace Line 13 in Algorithm 1 with the halving procedure in Algorithm 2.
For appropriately chosen

t = O(dlogn), B = 0(logn/n?), C = 0O(B/n), div = ©(logn/n?),

with probability at least .9 over the sampling of M and the PREPROCESS procedure, the
resulting data structure satisfies

g € R : |lq — QUERY(q)ll2 < (1+©(m))llg — 2;l2.

Moreover, the data structure takes poly(n,d) space; the query algorithm is deterministic
and runs in time

dpoly(logn,n™ ).

Proof. The correctness holds by combining Lemma 2.12 with Eq. (5) (condition (a) of
Lemma 2.12) and Lemma 2.11 (condition (b) of Lemma 2.12). The space bound holds
since t = poly(n, d) and each [IM98] data structure takes polynomial space.

It remains to bound the query time. Let

Lnax := I, = O(C? polylog d).
foae Ly (C” poly log d)

Computing one value Ji(q, r)? requires reading B blocks and takes time

O(Blmax) = O(BC? poly log d).
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In each halving round, every i € [t] is used to validate exactly one candidate. Thus, one
round takes O(tBC? poly log d) time. There are log, t = O(logn) rounds, so the total time
of the halving procedure is

O(tBC? polylogdlogt) = dpoly(logn,n1).

The medians and the set of candidates with the smallest scores can be computed in linear
time in the number of values considered, and do not change this bound.
Computing Mgq and querying Dy, - -- , Dy also take d poly(logn,n~!) time. Hence the
total query time is d poly(logn,n—1).
O

AT Disclosure: We used Claude Opus 4.8 to assist with writing and grammar checks, and
GPT 5.6 Sol to audit the proofs, as well as to generate the efficient outputting procedure in
Section 2.3. The tools materially affected Section 2.3. The authors verified the correctness
and originality of all content including references.
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