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Abstract

In the (1 + ¢)-approximate nearest neighbor problem, we are given a set P of n points in
R4, and the goal is to build a data structure that, for any query ¢ € R?, returns a point of P
whose Fuclidean distance from ¢ is within a factor 1 + ¢ of the distance from ¢ to its nearest
neighbor in P. Since the late 1990s, randomized data structures have achieved space polynomial
in n and d and query time polynomial in d, logn, and 1/e, for any constant e > 0. However,
their guarantees hold only with high probability, over random choices made during preprocessing,
during queries, or both. Whether randomness is necessary to achieve such results has remained
open since 2000: the only known deterministic data structures with comparable bounds achieve
an approximation factor of 3 + .

In this paper we resolve this question. For every constant € > 0, we give a deterministic
data structure with space polynomial in n and d that answers every query correctly, with
query time O(d? + dpoly(¢~1,logn)). Our construction relies on deterministic “superblock”
decompositions, and its analysis replaces the triangle-inequality argument behind the factor of 3
with a second-moment argument that averages over many local data structures.

1 Introduction

Given a set P of n points in R%, the nearest neighbor problem asks for a data structure that, on
input a query ¢ € R?, finds some = € P that minimizes ||¢ — z||, < r. It is one of the most basic
primitives in computational geometry, and it underlies similarity search over large collections of
images, documents, and other high-dimensional data [HPIM12]. When d is small, the problem admits
fast exact solutions (see, e.g., [Mei93, Cla88]), but their space or query time grows exponentially
with d, a phenomenon known as the curse of dimensionality. A way around this obstacle, developed
since the late 1990s, is to relax the problem. In the (1 + ¢)-approximate version ((1 + £)-ANN), we
are allowed to return any point z € P satisfying

lg =[]y < (14 &) min|lg — x|, (1)

zeP

where ¢ > 0 and all distances are Euclidean!. This relaxation admits data structures whose
complexity is polynomial in d, for every fixed € > 0.

The known solutions for ANN trade the approximation factor off against space and query time.
We focus on the regime of very fast queries: query time poly(d,logn,1/<), with space polynomial in
n and d whenever ¢ is a constant. This regime was already the subject of two works [IM98, KORO0O].
Both use roughly n®1/ o) space, but they differ in their query time and in where their randomness
enters:

n this paper, for simplicity, we focus on the Euclidean case. However, it is immediate that a (1 +¢)-ANN data
structure for the f» norm also serves as a (1 + €)>-ANN data structure for the Hamming distance with the same
complexity. Using standard reductions [Ahl17] this also yields a ((1 4 €)? + ¢)-ANN data structure for the ¢; norm.



e In [IM98], queries take d - poly(logn, 1/¢) time. The random choices are made during prepro-
cessing, and the guarantee holds per query: any fixed ¢ is answered correctly with probability
1 —1/poly(n) over these choices.

e In [KORO0O0], queries take d? - poly(logn, 1/¢) time. With high probability, preprocessing yields
a structure that is good for all queries simultaneously; the query algorithm is itself randomized,
and answers each ¢ correctly with probability 1 — 1/poly(n) over its own coin tosses.

Subsequent work has improved these bounds, e.g., reducing the query time to O(dlogd +
e 31og? n) [AC09], and has developed data structures with many other tradeoffs between space
and query time [AI06, AR15, ALRW17]; see [HPIM12, AIR18] for an overview. However, all of
these data structures are randomized. This leads to a natural question: is there a deterministic
poly(n,d)-size data structure for (1 + ¢)-ANN that guarantees poly(d,logn,1/e) query time, for
every constant € > 07

This question has remained open since 2000, and only partial results are known (see [AIR18S,
Section 3]). As observed already in [KORO00], one can construct a data structure that, with high
probability, is correct for all queries simultaneously; however, the construction still fails with nonzero
probability, and no deterministic polynomial-time algorithm for constructing such a data structure
was known. For larger approximation factors, Indyk [Ind00] gave the first deterministic polynomial-
time construction of a data structure that is correct for all queries, achieving approximation factor
3 4 ¢ (for the Hamming space or the ¢; norm) with polynomial space and poly(d,logn,1/e) query
time.

As noted in [ATR18], this was the only known polynomial-size deterministic approximate near
neighbor data structure with a constant approximation factor. More progress has been made on
an intermediate problem, in which the data structure either returns a correct answer or reports
failure, the latter with small probability. Indyk [Ind00] gave such a data structure for (1 + ¢)-ANN
in Hamming space with bounds similar to those of [KOR00], and Pagh [Pagl16], Ahle [Ahl17], and
Wei [Wei22] gave such data structures with sublinear query time. In particular, Ahle matched the
performance of locality-sensitive hashing in the Hamming space [IM98], and Wei matched the best
known bounds for £,, 1 < p < 2, including those based on data-dependent hashing [AR15]. However,
such “no false negatives” guarantees are substantially weaker than deterministic ones.

1.1 Our result

Our main result is the following.

Theorem 1.1. For every integer d > 1, every € € (0,1), and every nonempty finite set P C R? of
size n > d, there is a fully deterministic data structure for (1 + €)-approximate nearest-neighbor
search on P. Its preprocessing time and space are

-1
pPoly(E™)

and its deterministic query time is

O(d2 + dpoly(e71,log n)) .

Organization. Section 2 outlines the construction and its analysis. After the preliminaries,
Section 4 describes the data structure and derives the main theorem from two ingredients. Section 5
proves the approximation guarantee, and Section 6 gives the deterministic block construction.
Appendix A supplies the deterministic implementation of the low-dimensional primitive.



Al disclosure: We used ChatGPT, Claude and Gemini to assist with drafting, revising, and
checking the exposition and mathematical arguments. The tools materially affected all sections.
The starting point of this work was a query to ChatGPT 5.6 Sol asking it to re-analyze the (3 + ¢)-
approximation algorithm of [Ind00] in ¢5 using a stronger form of the triangle inequality; this yielded
a (/5 + €)-approximation algorithm. The resulting proof was then provided to ChatGPT, Claude,
and Gemini, with additional papers in the context, which yielded the main result of this paper. The
authors verified the correctness and originality of all content, including references.

2 Technical overview

We now describe the construction and the main ideas of its analysis. Throughout the overview,
all norms are Euclidean. We start by recalling the block-based approach behind the deterministic
(3 + e)-approximation of Indyk [Ind00], which is the point of departure for our work, and explain
where its factor of 3 comes from. We then explain our ideas through a simpler construction that
gives dOE"?) . poly(¢7!,logn) query time. Finally, we describe how to modify it to obtain the
claimed O(d? + dpoly(e~!,logn)) query time.

2.1 Point of departure: one good block

The algorithm of [Ind00] is stated for the Hamming space; we describe its main idea in Euclidean
terms, using the notation of this paper. Suppose that we have linear maps Aj,..., Ag: R4 — R,
which we call blocks, with b = O(logn/72), such that the blocks together preserve the squared norm
of every vector, and each block approximately preserves the rescaled squared distance between every
pair of database points; these are properties (2) and (3) below. (In [Ind00], the blocks are obtained
by a deterministic “densification” map followed by a partition of the coordinates into blocks, chosen
by the method of conditional probabilities.) Since each block is low-dimensional, for every i € [d]
we can afford to build a (1 4 d)-approximate nearest neighbor structure D; for the projected dataset
A;P, where § = ©(g). On a query ¢, we query every D; with A;q, obtaining a point z; € P, and
return the candidate minimizing |lg — z;l|5.

Fix a query ¢, let 2* be a true nearest neighbor, and write r = [|¢ — z*||,. Since ¢ is not a
database point, (3) gives no control over A;(q — x*) for any particular block. However, by (2) and
averaging, there is a block i with ||A;(q — 2*)||3 < 72/d. For this block, the triangle inequality in R
and the guarantee of D; give ||A;(z* — x;)||y < (24 0) ||Ai(q¢ — z¥)]|,. Since 2* — z; is a difference of
database points, (3) transfers this bound back to the original space, and the triangle inequality in
R? yields

lg—ailly <7+ lle* —ailly < 7+ /1% 24 8) 1 4ilg — 2]l < (3+ 00 + 7).

The factor 3 is tight for this argument: in block i, the point A;x; may lie on the opposite side of
A;q from A;z*, so that ||z* — x;||, &~ 2r, while the blocks other than i, on which the argument has
no control over ¢, may align ¢ — * with «* — ;.

The loss comes from relying on a single good block. The argument uses the query only through
block 4, and returns to the original space only through the difference z* — x; of database points,
paying for the triangle inequality twice. To avoid this, we would like to use all blocks at once: by (2),
the squared distance || — z|)3 is recovered exactly as 3, ||A;(¢ — z)||5 for any point x, including
directions that involve the query. The obstacle is that the answer of D; depends on the block i
itself, so the projected distances || A;(q¢ — x;) ||§ of the different answers x; cannot simply be summed
to bound the distance of any single candidate. We address this by letting each local structure use



many blocks, so that its answer depends only weakly on any single one of them, and by analyzing
the average squared distance of the answers through a bias—variance decomposition rather than the
triangle inequality. The rest of this section describes this approach.

2.2 Our construction: defining and grouping the blocks

By padding with zeros, we can assume without loss of generality that the dimension d a power of
two. We construct d linear maps Ay, ..., Ay : R — R? that map vectors in R% to smaller “blocks”
in R® with two properties. First, the blocks preserve the squared norm of every vector:

k
vaeR: S Al = a3 )
=1

Second, every difference of database points has approximately the same squared norm in every

block:
1_—

-
d
Here 7 € (0,1) is an accuracy parameter, which we will set to ©(g?).

These linear maps are built by deterministically choosing b = O(logn/7?) signed Hadamard
transforms and grouping together the same output coordinate from each transform. The first
property follows from the orthogonality of signed Hadamard transforms. The second property
follows from choosing the signs by conditional expectation and a moment bound for sums of squared
Rademacher sums. We note that similar Hadamard-based orthogonal block decompositions, with
randomly chosen signs, are used in the Las Vegas ANN data structures of Wei [Wei22]; here the
signs are chosen deterministically, and concentration is required only for differences of database
points.

Once we have these linear maps, we group the blocks together as follows: for an integer s = O(e72),
we consider every ordered tuple w = (i1,...,4s) € [d|® and concatenate the corresponding blocks:

) 1+7
Vo,y € P, Vield], lz = yl3 < [ Ai(z = y)Il5 < T\Ix—y\\§> (3)

Apz =A2®--- B Az € RS,

where @ denotes the direct sum operator, i.e., concatenation.

For every w, we build a deterministic (1 + O(¢e))-approximate nearest-neighbor structure D,,
using the projected dataset A,P. On a query ¢, each data structure returns a point x, € P. We
query every structure and return the candidate minimizing ||g — 2 |5.

2.3 Controlling the dependence on one block

Fix a query ¢, let 2* be a true nearest neighbor, and write r = ||¢ — 2*||,. For the analysis, we
choose a uniformly random tuple Q = (I1,...,Is) € [d]*, then independently choose a uniform
position J € [s], and set I = I ;. Thus, I is marginally uniform on [d]. These random choices are
used only in the proof; the algorithm queries the local structure for every tuple in [d]°.

Let xq € P denote the point returned by Dg. Our goal is to bound Eq ||¢ — zq|/3. We want to
relate it to Eq[]|4i(¢ — zq)||3 | I = i], the projected expectations, conditioning on I = i, such that
we could use the approximation guarantee of D, and the properties of the block maps. Our starting
point is to control the difference between two expected locations, before and after conditioning on a
block I = i:

Eq[zq | I =1i] — Eq[zq). (4)



We express these expected locations relative to x* (which makes it easier to apply Equation (3)
latter):

a; = Eqlzq — 2" | I =1, a = Eqlzq — z*].
Therefore, Equation (4) is exactly a; — a. Using the independence of Iy, ..., I, we can show that
1
Ef llar —all5 < SEa lzg — &% — alf3 - (5)

In other words, conditioning on one randomly chosen block I =i changes the expected location of
zq by only a small amount. In the next subsection, we use this to obtain a bound on the original
distance.

2.4 From conditional, projected distance to the original distance

We are now ready to bound Eq ||g — zgl|3. By the definition of a, Eq[zg] = #* + a, so we decompose

Eq llg — zoll5 = llg — Eqlza]|l5 + Eq 2o — Eqlza]|l ©)

= llg —a" — all; + Eq |za - 2* — a3

This can be viewed as a bias term plus a variance term. We bound these two terms separately, by
relating them to the bias and variance terms in the decomposition of Eq[||4;(q — za)|5 | I =1i]. By
the first property (Equation (2)) of the block maps,

d

2 2

lg—a" —al3 = llAi(a — " — )3,
i=1

We can bound the right-hand side via two observations: first, replacing a by a; introduces only
a small additive error. This can be shown using Equation (5) and the fact that although a; — a
need not be a difference of database points, it is a difference of averages of database points, thus
one can extend the second property (Equation (3)) of the block maps to apply here. Secondly, once
we replace a by a;, since Eqlxq | I = 1] = 2* + a;, each summand becomes the bias term in the
decomposition of Eq[||A;(q — xq)||3 | I = 4], that is

14i(q — Ealza | T =))|3,

which in turn can be expressed as the difference between Eq[||Ai(¢ — xq)||3 | I = i] and a conditional
variance of A;xq. By Equation (3), this variance is at least

1—171

d

Eql|lzq — Eqlzq | I =13 | I =1].

Let
V:i=Eq; ||lza — Ealza | 1|5 = Eq |lza — 2* — arl)3

be the average conditional variance in the original space. Then summing over i € [d] and using the
approximation guarantees of the ANN data structures, we obtain

d
DIl — 2" —a))|; < (1+O()** — (1 —7)V. (7)
i=1



Equation (7) not only gives a bound for the bias term of Eq || — zq||3, but also implies V = O(r2).
Moving on to the variance term of Eq ||q — xQH%, we have that

1
Eqllzq — " = al; =V +Er [las — al; <V + —Eq [|lzo — 2" — a3
by Equation (5). Thus rearranging gives
* 2 1
Eq|lzg —2* —all; <V + ;V.

The V contribution here cancels the —(1—7)V contribution in Equation (7), up to 7). Returning
to the decomposition of Eq [|¢ — zq||3 above, we obtain

VEa llg —zall3 < (1+6(e) + O(s/% + V7))

Choosing appropriate s = ©(¢~2) and 7 = O(£?), makes this bound at most (1 4 ¢)r. Finally,
at least one returned point has squared distance no greater than the average, giving the desired
approximation.

2.5 Reducing the number of tuples using an expander

The construction above queries all d* tuples. With s = ©(¢72), this gives the factor dOC™) in the
query time. We now explain how to reduce the number of local structures to d. The resulting
construction gives the improved query bound in Theorem 1.1.

The crucial observation is that the analysis does not require all tuples. Apart from the conditional-
mean estimate, it only uses the fact that a uniformly chosen block occurrence is uniform on [d].
Thus it suffices to find a smaller family with uniform block frequencies and a similar bound on the
dependence between an answer and one of its constituent blocks.

For this purpose, let G be a constant-degree regular undirected expander on the block indices.
For each vertex v, form a tuple containing the endpoints of all walks of length ¢ starting at v,
retaining repeated endpoints. If the degree is A, every tuple has A entries, and there are only d
tuples. We build one local ANN structure for each of these tuples. Let x, € P denote the answer
returned by the structure associated with starting vertex v. We again return the candidate closest
to the query in the original space.

To see why this family has the required properties, choose a starting vertex V uniformly and
choose one of its walks uniformly. Denote the endpoint by I. Regularity makes I uniform. Moreover,
if W is the normalized adjacency matrix of G, conditioning on I = ¢ averages the answers according
to the i-th row of W*. If the nontrivial eigenvalues of W have absolute value at most § < 1, this
averaging contracts mean-zero functions by at most p = 6°. Define a; = E[zy — 2* | I = i] and
a = E[zy — 2*] as before. The conditional means then satisfy

E|la; — a5 < E|zy —2* — af]f3.

p
1— p?
Here, the factor % replaces the factor 1/(s — 1) in the exhaustive construction. The remaining
argument gives approximation 14§ + O(p + /7).

Taking a suitable £ = O(log(1/¢)) makes p = O(e), while each tuple still contains only A’ =
(1/¢)°M blocks. The local dimension is therefore polynomial in 1/¢ and logarithmic in n. There

are now only O(d) local queries. Their total cost, together with evaluation of the block maps, is
dpoly(e~!, log nd); examining d returned candidates in the original space R? costs O(d?).



We note that eplacing an exhaustive family of tuples by tuples generated by walks on an expander
is a classical derandomization technique, used, e.g., for graph products [AFWZ95]. Closest to our
setting, [KKKOCZO] use expanders to derandomize the tensoring-based correlation amplification
behind Valiant’s algorithm for finding outlier correlations. Similarly, [ACW20] used expander walks
to derandomize the polynomial method for offline approximate nearest neighbor search.

3 Preliminaries

Notations. For an integer m > 1, let [m] = {1,...,m}. All norms are Euclidean. We use u & v
to denote concatenation. Throughout the paper, P C R? is a nonempty set of n > d points, d > 1
is a power of two, and ¢ € (0, 1).

Definition 3.1 (Balanced blocks.). Let Ay,..., Ay : R? — R? be linear maps, and let 7 € (0,1).
We say that they form a 7-balanced block system for P if

d
Z 1 4:z)13 = |21 for every z € R%, (8)
i=1

and, for every z,y € P and every i € [d],

1+7

1—71
lz = yll3 < [|Ai(z — y)l5 < 7 llz = yll5 - (9)

d

The first property is also called the Parseval identity. Notice that (8) holds for every vector,
whereas (9) is required only for differences between database points.
We state the existence of such a balanced blokc system as follows:

Theorem 3.2. Given P C R? and 7 € (0,1), one can deterministically construct a T-balanced block
system with

b= 0(7_2 log n)
The construction takes poly(n,d,1/7) arithmetic operations. After preprocessing, all d maps can be
evaluated on a vector in O(bdlogn) time.

We prove Theorem 3.2 in Section 6.

We also need the following consequence of the approximate Voronoi diagram construction of
Har-Peled [HPO1] and its treatment in Har-Peled, Indyk, and Motwani [HPIM12]. We state a
polynomial preprocessing bound and a conservative query bound; these suffice for our result.

Lemma 3.3. Let Y C R™ be nonempty and contain at most n points, where m > 1, and let
0 € (0,1/2). There is a deterministic data structure that returns a (1 + §)-approximate nearest
neighbor for every query in R™. For an absolute constant C' > 1, its space is

n(C/6)°™ polylog(n/s),

1ts preprocessing time is
poly (n,m)(C/8)°"™ polylog(n/s),

and its query time is O(m?log*(n/?)).



For completeness, we include a deterministic implementation sufficient for these bounds in
Appendix A.

We will apply this lemma in dimension logarithmic in n, up to a factor polynomial in 1/¢. The
dependence (C/§)P(™) therefore gives space polynomial in n for fixed . The other polynomial
factors in preprocessing and query time will not affect the final bounds.

Finally, for a square-integrable random vector X and an independent copy X', we will use some
basic identities

Lemma 3.4.
2 1 /(2 2 2 2
IEHX—EXH2:§EHX—XH2, E”U—X”2:||U—EXH2+EHX—EXH2. (10)

Both follow by expanding the squared norms.

4 The exhaustive construction

In this section, we first describe our exhaustic construction that uses all ordered tuples of blocks.
Then we state the correctness guarantee and the time and space bounds. The proof of the correctness
appear in the next Section 5.

4.1 Preprocessing and query algorithm

Preprocessing. Fix parameters §,7 € (0,1/2) and an integer s > 2, to be chosen below, and
let « = g+ 9. Construct the maps Ai,..., Ay using Theorem 3.2. For each ordered tuple
w = (i1,...,1s) € [d]*, define

A,z = Ailz ®---D AiSZ € RSb.

We refer to this concatenation as a superblock. Repeated indices are allowed, and the corresponding
blocks are retained with their multiplicities. Build the data structure of Lemma 3.3 on the projected
database A, P with error parameter d, keeping a pointer from each projected point to its original
point in P.

Answering a query. Given ¢ € R? first compute Aq, ..., Agq. Then query each local data
structure with A,q, obtaining a point x,, € P such that

Mg = 2e)lly < cmin Ay (g - )l - (11)

Compute ||g — x|, for every returned point, and return a candidate minimizing this distance. All
ties are resolved according to a fixed ordering of P. The preprocessing and query procedures are
deterministic.

4.2 Corretness guarantee

The following theorem shows that one of the returned candidates is close to ¢ in the original space,
and thus so does the query algorithm.

Theorem 4.1. Let Ay,...,Aq be a T-balanced block system for P, with 0 < 1 < 1, and let s > 2.
Suppose that for every w € [d]|®, a point x,, € P satisfies (11) with factor a > 1. Then, for every

query g,

Jnin lg = zwlly < Cors minlg -l



where

a++/2a2/(s — 1)+ 127(1 + a)?
v1i—r7 '
In particular, if o is bounded and T < 1/2, then Cors = a+ O(s™ Y2 + /7).

Com',s =

We prove this theorem in Section 5.

4.3 Parameters and time and space bounds
For a target error € € (0, 1), set

€ g2

d= = =1+ 10 (12)
100 TT 180 °T 2 |

Substituting these choices and o« = 1 + ¢ in Theorem 4.1 gives approximation factor at most 1 + ¢.
Each local structure has dimension sb = O(¢ ®logn), and there are d* = dOE™) tuples. Since
n > d, the block construction and Lemma 3.3 give preprocessing time and space nP°¥(1/¢) and
query time dOE™) poly(¢71,logn), including the evaluation of the block maps and the distance
checks for all returned candidates. Section 7 improves the query time by reducing the number of
local structures to O(d).

5 Proof of Theorem 4.1

In this section, we prove Theorem 4.1. Fix a query ¢, let £* € P be a nearest neighbor of ¢, and
write r = ||g — 2*[|,. We will show that Eq [|g — zol|5 < C2 . r2, where Q = (I4,...,I,) is uniform
in [d]*. Since the algorithm returns the closest candidate in the original space, this implies the
claimed approximation guarantee.

As described in the technical overview, we independently choose J uniformly in [s] and set
I = I;. Thus [ is uniform in [d], but it can be correlated with the returned point zq. These random
choices are used only for the analysis. All expectations below are over this two-step selections of 2

and I unless another distribution is specified.

5.1 Controlling the dependence on one block

In order to bound Eq ||qg — fL‘QH%, we want to relate it to the projected expectations, conditioning on
I = i, such that we could use the approximation guarantee of D, and the properties of the balanced
block system. Our starting point is to control the difference between two expected locations, before
and after conditioning on a block I = i:

Eqolzq | I =] — Eqlzq]. (13)

For convenience, we express these expected locations relative to z*. This choice will be useful
when we later apply block balance to differences x — z* between database points. Let

d
>
=1

By these definitions, the difference in Equation (13) is exactly a; — a. We next bound its average
squared distance over I, namely Ef |ja; — al)3.

a; = Eq[zq — o™ | I =], a=Eq[rqg — 2] =

SHN



Lemma 5.1. We have .
Bt flas - alf} < _Eallea — " - al}.

Proof. Conditioning on I = i, we have Eq[zq —2* —a | I =i] = a; — a. Since a; — a is fixed under
this conditioning, averaging over I gives the first equality below.

E; ||lar — aHg =Eqr(zo— 2" —a,ar —a)
1 S
=Eq <:UQ —x* —a, S;(ajj — a)> )
‘]:

The second equality holds by conditioning instead on §2 and average over the independent uniform
choice of J € [s] for [ = I;. Each I; is uniform on [d], so Eqla;, —a] = 0. Since I1,..., [, are
independent, the cross terms vanish, giving

2
s

1 1< 1
Eo|| =3 (ar, —a)| =5 > Eollar, —all; = SErflar - al}3.
J=1 j=1

Consequently, Cauchy—Schwarz implies

2

S
212 2 1
(Er llar — all3)” < Eqllzq — 2* — a3 - Eq 3 Zl(a’lj —a)
J:

1
= ~Eq g — 2" - all - Erllar — a3 -
If Ef||ar — aHg = 0, the claim is immediate. Otherwise, dividing by this quantity proves the
lemma. O
In English, Lemma 5.1 controls the dependence of x on an observed block I, in the sense that
revealing I changes the expected location of xq by only a small amount.
5.2 Decomposing the original distance

By our definition,
4+ a; = Eqlzq | I =], x4+ ar = Eqlzq | 1], x4+ a = Eqg[zq].
We now bound the original distance Eq ||q — zq||5. We start by decomposing

Eqllg — zall3 = llg — Balzalll; + Ea llza — Ealzal;
* 2 * 2 (14)

= [lg — 2" —all3 + Eq [lzg — " —al|;
Let

V:=Eqylza - 2" —asl3.
Then
Eq ||zq — 2" — aH% =V+E;|ar— a”%.

Substituting this into Lemma 5.1 and rearranging, we obtain

2
Erllar — a3 < Pt

10



thus Equation (14) implies
v

Ba llo - zall} < la—o* —alf+V+ .

(15)
To bound the first term, we use the first property of the balanced block system (Equation (8)):
d
2 2
lg—2* —alz = IAi(a— " —a)l3. (16)
i=1
We observe that the right-hand side is quite similar to
d
YT, Ti=|Aig—a"—all3,
i=1

which can be easily bounded using the approximation guarantee of D,,. Therefore, we first bound
> T;. Then in the next subsection, we will bound the error caused by replacing a; by a.

Lemma 5.2. The approximation guarantees of D,, imply

d
Y T+ (1-7)V <o’ (17)
i=1
In particular,
a2r2 d a2r2
< T, < . 18
v<Tr— D LtV — (18)

=1

Proof. Since z* is a candidate in the dataset, the approximation guarantees of D,, (Equation (11))
give
2 2
Malq = za)l; < o [ Aalg — 2|5 -

Averaging over the uniformly chosen position and then over Q gives

Eq [ Aa(q — za)|5 = sEa [ Ar(a — za)ll3 -

On the other side, uniformity of I and (8) give Eq || Aq(q — *)||3 = sr2/d. Thus

d
5 EalAale - zo)l3 = dEar |Ar(q — za)ll3 < o®r’. (19)
Fix 7 and condition on I = i. The conditional mean of xq is * + a;, so
Eol|Ai(q — zo)l3 | T = i] = Ti + Eq|| Ai(zq — «* — a;)|3 | T = i]. (20)

To bound the second term from below, let X, X’ be independent points with the conditional
distribution of zq given I = ¢. Both lie in P, so the variance identity and block balance imply

2

L1
Eoll|Ai(zq —a* —ai)ll3 | T =] = SE[[A:(X = Xl
1—

2d
1—7 .
=— Eoll|zq — 2 — ai|l3 | I = .

“E[|lX - x|

11



Summing (20) over i now gives

d
dEq|lAr(g —za)ll; = ) T+ (1 —1)V.
=1

Combining this with (19) proves (17). Its first consequence follows by dropping ). 7;. Adding 7V
to (17) and using this consequence proves the second. O
5.3 Justifying replacing a; by a

To use Lemma 5.2 in (16), we need to control 37, [|Ai(a; — a)||3. Lemma 5.1 bounds the differences
a; — a in the original space. These vectors need not be differences between database points, but
they are differences of averages of database points. We use this observation to extend the balance
guarantee.

Lemma 5.3. We have
d
Y llAi(ai — a)l3 < Brllar — a3 + 127 Eq e — 273
i=1
Proof. Fix i. For any x,y € P, the three vectors z — z*, y — z*, and = — y are differences between
database points. Polarization and (9) therefore give
|d(Ai(z — 27), Ai(y — 27)) — (z — 2",y — 27)]
T 2 2 2
< 5lle =2l + lly — 25 + ll= = wll2)
3T 2 2
< 5 (le =25+ ly = 2"3).

Let p; be the conditional distribution of xq given I = ¢, and let u be its unconditional distribution.
Write ¢, = pi(x) — p(x). Then

ai—a:Zcx(x—a:*), Z|cx| < 2.

zeP zeP

Expanding the squared norms and applying the preceding inner-product bound, we obtain
2 2
d]14i(a = )3~ flai - a3

37' 2 2
<3 leallel(lz = o1 + ly = 7113)
z,yeP

3 (Yo, (z rcxux—m*ué)

yeP zeP

< 67 (Eallza — o*|3 | 1 = i] + Eq |lza — 2[3)

The last step uses |cz| < pi(x) + p(x). Summing over ¢ and dividing by d proves the lemma. [

The additive error above depends on the distance from a returned point to z*. We next show
that its second moment is bounded by a constant multiple of 7> when « is bounded and 7 < 1/2.

12



Lemma 5.4. We have )
(1+a) 2
1—7

Proof. For every tuple w, the triangle inequality and (11) give

[Aw (2w = 2)ly < [Aulg = zu)llz + [ Au(g — 2l
< (1+a) [|Au(g — )], -

Eq ||z — 2|3 <

Since z,,,z* € P, block balance applies to each of the s block occurrences in w:

s(1—1)
| Aw (2 — 2%)]15 > — (B

Squaring the first bound and averaging over €2 therefore yields

s(1 . s(1+ a)?
0Dk e — 2% < (1 + 0)Ea [ alg - )| = 212002,
The equality uses (8) and uniform block marginals. Canceling s/d proves the claim. O

Combining lemmas 5.1, 5.3 and 5.4 gives the desired replacement bound:

v 127(14+«)? ,
Z”A a’”2 S—1+ 1—7 . (21)
5.4 Completing the proof

We now combine the original-distance decomposition with the bounds on the projected distances
and the error from replacing a; by a.

Proof of Theorem 4.1. By Equations (15) and (16),

d
2 2 V
Eallg - 2ol < 3 I4ila — 2~ )3 +V+ .

, 1
=1

For each i, write
Ai(g— 2" —a) = Ai(q — 2" — a;) + Ai(a; — a).

Applying the triangle inequality to the concatenation of these block vectors and two scalar coordinates

gives
1%
2
VEallg - zal? < §:T+V+ ZHA — ol + 7. (22)

Here we place v/V in the first vector and \/V/(s — 1) in a separate coordinate of the second vector.
The first square root is at most ar/v/1 — 7 by Equation (18). For the second, the replacement
bound Equation (21) and the bound on V in Equation (18) give

<

v 2V 121(1+a)? ,
Aqi(
ZH H2 s—1 s—1+ 1—7 "




Substituting these bounds into Equation (22), we obtain

[ 2 a++/2a%/(s— 1)+ 127(1 + a)?
]EQ Hq_l'QHQ S \/ﬁ r:Ca,T,ST‘

Finally, at least one tuple has squared distance no greater than this average. Its returned point
therefore satisfies ||¢ — ||y < Ca,rs7, proving the theorem. O

6 Deterministic construction of the balanced blocks

In this section, we prove Theorem 3.2. We first describe a family of maps for which the Parseval
identity (Equation (8)) holds for every choice of signs. We then choose the signs by conditional
expectation so that every database difference is balanced (Equation (9)) in every block.

6.1 The signed Hadamard construction

Let H € R4 be the normalized Walsh-Hadamard matrix, with entries Hj. = d-Y/ 2th for
hj, € {—1,4+1}. Thus HT H = I, and multiplication by H takes O(dlogn) time.

For an integer L to be chosen below, take sign vectors ¢, ... ¢&) ¢ {—1,41}¢. For each
j € [d], define B; : RY — RE by

d
(Bjz)e = Vd (H diag(§")z); = > hjpéVz,  Aj = (Ld)~'/*B;.
r=1

In other words, block j collects the jth coordinate from each of L signed Hadamard transforms. For
any assignment of the signs,

d 1 L 2
S l4s2l3 = 7 S | diag(e®)z||] = 213
j=1 =1

Thus Parseval holds exactly. Moreover, all blocks can be evaluated together using L signed Hadamard
transforms, in O(Ldlogn) time. It remains to choose the signs so that block balance holds with
L=0(r"2logn).

6.2 A moment bound

We use the following estimate to construct a potential whose expectation is small under random
signs.

Lemma 6.1. Let Y =) _a,0,, where the o, are independent uniform signs. Write v ="y, a% and
X =Y?—v. If X1,..., Xy, are independent copies of X, then for every integer 1 < p < L,

2p
< (CpL)Pv?,

L

> %

(=1

E

where C is an absolute constant.

14



Proof. The claim is immediate for v = 0; otherwise rescale so that v = 1. The inequality cosht < et?/2
gives EetY < ¢t*/2 and hence (E|Y|29)V/(20) < C1,/q for every integer ¢ > 1. It follows that
E|X |7 < (Caq)?. Since EX = 0, expanding the exponential and summing the terms of order at least
two yields

Ee*Y < O3’ (IA] < co).

Independence and the Chernoff bound then give

L

D X

(=1

> t] < 2exp(—01 min {tQ/L,t}) .

Integrating this tail against 2pt?’~! bounds the 2pth moment by Cip((pL)p + p?P). Since p < L,
this is at most (CpL)P after adjusting C. Rescaling proves the lemma. O

6.3 Choosing the signs by conditional expectation

Let D contain one orientation of each nonzero difference between two database points, and let
= |D| < n(n—1)/2. If N = 0, choose arbitrary signs and any L = ©(7 2logn); the balance
requirement is vacuous. Hence assume N > 1.
For v € D, put 7, = ||v||3, and define

}/Z,j,v = (BJU)Z7 X[,j,’[) - }/K

go T

For a fixed pair (j,v), the variables X, ;, are independent over ¢ when all signs are independent
and uniform. Also,

L
1
dl|Ajolly —ro =7 D Xejo. (23)

Choose
po = [log,(8Nd)], L= [Corpo],

for a sufficiently large absolute constant C, and consider the nonnegative potential

2po
o ZZ(dHMH? ) | -~

veD j=1

If ® < 1, every summand is smaller than one, which is exactly the desired balance guarantee. We
next show that a suitable assignment can be found deterministically.
By Lemma 6.1 and (23),

Po
Eb < Nd (P < Nga—m <
L2

oo\»—x

where the second inequality follows from the choice of Cy. To derandomize this estimate, we need
to compute the expectation after an arbitrary subset of the signs has been fixed.

Lemma 6.2. For any partial assignment of the signs, the conditional expectation of ® can be
computed using poly(N,d, L, py) arithmetic operations.

15



Proof. Fix (¢, j,v). Under the partial assignment, Y, = ¢+ Y p a0, Where c,a, are known
and the remaining signs o, are independent. The polynomial

et H cosh(a,t) (mod t*Pot1)
reER

is the truncated exponential generating function of its conditional moments. Multiplying its
coefficient of t* by a! recovers the ath moment for a < 4py. By the binomial formula, these moments
determine the conditional moments of Xy ;, = ngﬂ) — 1, through order 2pg.

The remaining randomness in different repetitions is independent. Multiply the L exponential
generating functions of Xy ;,, truncating at degree 2pg. This recovers the conditional 2pgth moment
of their sum. Dividing by (L77,)?° and summing over (j,v) gives the conditional expectation of
(24). All polynomial products have degree O(py), so even naive convolution uses polynomially many
arithmetic operations. O

Proof of Theorem 3.2. FExpose the Ld signs in a fixed order. At each step, use Lemma 6.2 to
compute the conditional expectation of ® for each of the two possible values of the next sign, and
choose one with the smaller value. Their average is the current conditional expectation, so this
choice never increases it. Once all signs are fixed,

1
<EP< o <L

Consequently, for every v € D and j € [d],
2 2 2
dl[Ajvlly = llvllz] <7 llvll3-

This proves block balance with b = L. The zero differences satisfy it automatically, and Parseval
holds for every sign assignment. Since pg = O(logn) and L = O(7~2logn), the number of arithmetic
operations is polynomial in n,d, 1/7. The simultaneous evaluation bound follows from the signed
Hadamard construction. O

For rational input and rational 7, the potential and its conditional expectations can be evaluated
using exact rational arithmetic: the normalization in A; cancels in (23). This observation concerns
the sign-selection procedure; we do not claim a bit-complexity bound for the full data structure.

7 Reducing the number of tuples using an expander

We now replace the exhaustive family [d]® by d tuples. As before, we build a local ANN structure
for every tuple and return the closest reported point in the original space. To analyze this smaller
family, we only need to replace the conditional-mean estimate from Lemma 5.1. All other estimates
in Section 5 use the local approximation guarantees, the block properties, and the uniform marginal
distribution of the selected block occurrence.

7.1 The tuple family

We use an explicit constant-degree spectral expande, stated in the following Lemma 7.1. This is
given by the Margulis—-Gabber—Galil construction; we described the construction in more details in
Section B.

16



Lemma 7.1. There are absolute constants A > 2 and 0y € (0,1) such that, for every power of two
d, one can deterministically construct a A-regular undirected multigraph on [d] whose normalized
adjacency matrix W satisfies

d
Wy <60l flly  for every f € R with Y f(v) =0.

v=1
The neighbor lists can be constructed in O(d) arithmetic operations. Loops and parallel edges are

allowed, and each neighbor occurrence is counted in the degree.

Let G be the graph from Lemma 7.1, with normalized adjacency matrix W. The lemma applies
since d is a power of two. Fix a positive integer ¢, and, for each vertex v, let S, be the tuple of
endpoints of all length-¢ walks starting at v. We use a fixed ordering of these walks and retain every
repeated endpoint. Each tuple therefore has length t = A

For each v € [d], define

Apz = @ Az € R,
1€Sy
where every occurrence contributes a block. Build the local ANN structure of Lemma 3.3 using the
projected dataset { A,z : x € P}. On a query ¢, compute all original block vectors and query these
d structures. Denote their answers by z, € P, so that

Mo(g = 20)lly < aminflAu(g = 2)lly,  a=1+0. (25)

Return the point x, minimizing ||q — 2|,

7.2 Controlling the dependence on one block

Fix a query ¢ and a true nearest neighbor z*, and write r = ||¢ — *||,. Choose V uniformly from
[d] and then choose a uniformly random occurrence I from Sy . Reversing walks shows that every
block occurs exactly ¢ times in the collection of tuples. Therefore I is uniform on [d], and

PV =v|I=i=W.
As in the exhaustive construction, let
a; = Bylzy —a* | T =1], a=Eylzy — %], V=Eysl|zy —2* —azl3.
The following lemma gives the required replacement for Lemma 5.1.

Lemma 7.2. For p = 0§ < 1, we have

2
1— p?

E;|la; —all3 < V.

Proof. Since ) (x, —2* — a) = 0, the spectral bound for W* applies to each coordinate of these
vectors. Using the conditional distribution above gives

1

2

Erllar —all; = 7 >
7

< p’Ey |z — 2% —alf;
=p*(V+E|lar — alf3),

2

Z(Wé)iv(a:v —a* —a)

v

where the last equality is the variance decomposition. Rearranging proves the claim. O
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7.3 Bounding the original distance

We explain how the proof from Section 5 applies to this family. Averaging the local guarantees in
(25) gives

d 2 2

TEv My (g —av)l; = (q—av)l; < o
The equality uses the uniform choice of a block occurrence, and the inequality follows by comparing
with z* and using the exact norm identity. For each i, put

T; = ||Ai(g — 2" — a3

Conditioning on I = i decomposes the projected error into 7T; and a conditional variance. As in
Lemma 5.2, the latter is at least (1 — 7)/d times the corresponding variance in the original space.
Thus

ZTi + (1 —71)V < ar? (26)
i
In particular, V < o?r2/(1 — 7).
We next replace the conditional expected locations x* 4+ a; by the unconditional expected location
z* + a. The comparison in Lemma 5.3 gives

ZHA a)l3 <Eyllar — all; + 127Ky [lay — 2|3

The triangle inequality in each tuple and the local approximation guarantee also give, as in
Lemma 5.4, ,
(L+a)® 5
1—r
Both arguments use only the uniform block frequencies and balance of differences between database
points, so they are unchanged for this family.
Finally, decompose the squared distance in the original space:

Ey [z — 2*||3 <

Evllg —avl3 =) Ai(a—a* = a5 +V +Ef |lar — all5.

i

Replacing a by a; inside the block norms and applying the triangle inequality, exactly as in the
exhaustive proof, yields

VEv g — vl < ‘/va
\/Z |As(ai — )2+ E1 [laz — a2

The first term is at most ar/+/1 — 7 by (26). For the second term, use Lemma 7.2 and the preceding
bounds. We obtain

. a++/2a2p2 /(1 — p?) +127(1 + «)?

minllg -l < O FV2P/0 - ) 12r(1 o (27)
v V=7

Here the minimum is at most the root mean squared distance. The bound is the same as for

exhaustive tuples, with 1/(s — 1) replaced by p?/(1 — p?). In particular, its approximation factor is

a+ O(p+ +/7) when « is bounded and p, 7 < 1/2.
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7.4 Proof of the main theorem

Proof of Theorem 1.1. The case n = 1 is immediate. For n > 2, choose § = £/100 and 7 = £2/10°
as in (12), and set

0= [mgl /90(200/5)] .

Then p < £/200 and p?/(1 — p?) < £2/10*. Substituting these bounds and o = 1 + § into (27) gives
an approximation factor at most 1 + €.
It remains to bound the resources. Each tuple has length t = A = (1/£)°(M)., Since n > d, its

projected dimension is
m=tb=(1/¢)°Wlogn.

There are d local structures. The deterministic construction of the blocks and Lemma 3.3 therefore
give total preprocessing time and space nP°Y(1/9) including construction of the graph, the tuples,
and the projected databases.

On a query, computing the block vectors costs O(bdlogn) time. Assembling and querying each
local structure takes time polynomial in m and log(n/J). Using d < n, the total cost of these steps
is dpoly(c~!,logn). Finally, comparing the d reported candidates in the original space takes O(d?)
time. Hence the deterministic query time is

O(d2 + dpoly(e!,log n)) ,

as claimed. O

A A deterministic low-dimensional ANN primitive

For completeness, we give the implementation details needed to justify the deterministic bounds in
Lemma 3.3.

Proof of Lemma 3.3. We use the reduction from nearest neighbor to near neighbor in Section 2
of [HPIM12], together with the grid construction in Section 3.3. Set both the reduction accuracy
and the grid accuracy to d/4; the resulting approximation factor is at most (1+ §/4)3 <1+ 4. For
Euclidean distance, the grid-volume bound gives (C/8)°(™ cells per point, uniformly in m. The
resulting space bound is as stated.

We describe how to make the preprocessing deterministic without needing its near-linear expected-
time bound. The reduction uses a median connectivity radius: the first radius at which the union of
equal-radius balls centered at the points has a connected component containing more than half of
them. Compute all pairwise distances and process the edges in nondecreasing order of length. The
radius is half the length of the first edge that creates such a component. Thus this radius, and the
other connectivity partitions used in preprocessing, can be computed exactly in polynomial time.
This replaces the randomized radius-selection routine without changing the recursive decomposition
or its correctness.

Finally, store grid-cell keys in deterministic balanced search trees. A comparison between two
keys takes O(m) time. If S is the number of keys in a local dictionary, then log S = O(mlog(n/J)),
so a lookup takes O(m?log(n/§)) time. The reduction makes O(log(n/§)) such lookups and
distance computations per query. Keeping log(n/J) in these estimates also covers 6 < 1/n. These
modifications give the claimed deterministic bounds. O
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B Expanders on a power of two vertices

We justify Lemma 7.1 without changing the power-of-two dimension assumed throughout the paper.
The Margulis-Gabber—Galil graph on Z2, has the following eight neighbor occurrences at (z,%),
with arithmetic modulo m:

(x +2y,y), (x£Qy+1),y), (z,yt2z), (z,y+(2z+1)).

Each transformation is paired with its inverse, so the graph is undirected and 8-regular, allowing
loops and parallel edges. Its normalized adjacency matrix W, satisfies

5V2
W11 [l20 < g < 1;
see [GG81] and the formulation in Section 8 of [HLWO06]. Here the norm bounds the absolute values

of all nontrivial eigenvalues.

Proof of Lemma 7.1. Take A = 16 and 6y = 5v/2/8. Every power of two d has the form m? or 2m?,
where m is itself a power of two. If d = m?, duplicate every neighbor occurrence of the graph above.
The resulting graph has degree 16 and the same normalized adjacency matrix Wy,.

If d = 2m?, use the graph on Z2, x {0, 1} whose neighbors of (v, a) are all pairs (u,b), where u is
a neighbor occurrence of v in the original graph and b € {0,1}. Its degree is 16 and its normalized

adjacency matrix is
1/1 1

The two-point averaging matrix has eigenvalues 1 and 0. Hence the nonzero eigenvalues of the
product are those of W,,,, and its restriction to the mean-zero subspace has norm at most 6y. For
d = 1, take the single-vertex graph with 16 loop occurrences; its mean-zero subspace is {0}.

In each case, the neighbor list of a vertex is computed with a constant number of arithmetic

operations. Constructing all lists therefore takes O(d) operations. O
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