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Abstract

Sparse linear regression is a widely-studied question in statistics and machine learning. Given
a design matrix X € RV*4 and labels y = Xw* + £, where w* € R¢ is an unknown vector with at
most k < d nonzero entries and £ € R is measurement noise, the goal is to output a vector w
with small prediction error & = # I X(w* —w) ||§. For this problem, polynomial-time algorithms
with sublinear-in-d sample complexity are known only under strong structural assumptions on the
design matrix, such as incoherence, the restricted isometry property, or a restricted eigenvalue
condition.

Recently, Chandrasekaran, Meka, and Stavropoulos gave the first efficient algorithm for highly
ill-conditioned design matrices under a random-support model. When the support of w* is chosen
uniformly at random, their algorithm achieves & error with 1 — ¢ probability over the support,
using N = poly(k,logd, 1/e,1/6,loglog ) samples in polynomial time, where « is the condition
number of X. Their key ingredient is a good preconditioner: after a change of basis, all but a
small exceptional set of coordinates have bounded mass. They find such a preconditioner with
exceptional-set size O (k> (loglog «)*/8) through an iterative convex-optimization procedure.

We give a simple one-shot construction of a good preconditioner with exceptional-set size
0(k?/6), subject only to the qualitative nondegeneracy condition x < co. This size is optimal
within the preconditioner framework. Combining with the regression theorem of Chandrasekaran,
Meka, and Stavropoulos, this leads to N = poly(k,logd, 1/e,1/5) sample complexity for &
prediction error, with no quantitative dependence on the condition number.



1 Introduction

Sparse linear regression is one of the most basic problems in high-dimensional statistics. In this
problem, we are given a design matrix X € RN*¢ and labels

y=Xw"+¢,

where w* € R¢ is an unknown coeflicient vector with at most k < d nonzero entries and & € RY is
measurement noise. The goal is to output a vector w with small prediction error
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Information-theoretically, for & = O(1), prediction error ¢ is achievable from roughly k log(d)/e
measurements. The natural exhaustive-search algorithm over the k-sparse support of w* attains this
statistical rate but takes time about d¥, which remains the state of the arts. At the other extreme,
ordinary least squares runs in polynomial time when N is comparable to d. Whether polynomial time
and o(d) samples can be achieved for worst-case supports and general design matrices remains a
central computational-statistical question; see, for example, [RWY11, Nat95, ZWJ14, FKT15, GV21,
GVV24, BDT24].

Most efficient estimators with sublinear sample complexity impose a quantitative assumption on
the design matrix X. Classical examples include incoherence, restricted isometry, restricted eigenvalue,
and compatibility conditions [Tib96, DS89, CT05, CT07, BRT09, vdGB09]. Preconditioning can
substantially enlarge the tractable family: a change of basis may convert an ill-conditioned instance
into one on which an ¢;-based estimator succeeds [DHL17, FS11, KKMM20, KKMR22, KKMR23,
KKMR24]. These results are powerful, but the available preconditioners are usually tied to structural
assumptions on the design matrix.

Recently, Chandrasekaran, Meka, and Stavropoulos [CMS26] take a different perspective. They
consider an arbitrary, potentially highly ill-conditioned matrix and instead assume that the support
of w* is a uniformly random k-subset of [d]. Under this model, they show that, for all but
a ¢ fraction of k-sparse supports, prediction error & can be achieved in polynomial time using
poly(k,logd, 1/e,1/d,loglog k(X)) samples, where
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is the k-sparse condition number of X. Their central abstraction is a good preconditioner. After a
basis transformation Z = XB7, the transformed coefficient vector #* = B~Tw* has bounded ¢;-norm
outside a known exceptional set /. Regression can then be performed by leaving the coordinates in /
unconstrained and imposing an £; constraint on the remaining coordinates.

To construct such a preconditioner, [CMS26] uses an iterative sampling-and-update procedure.
Starting from a bound 7 = k4 (X) on the nonexceptional coefficients, given by the identity basis, each
improvement step improves the current bound 7 to /7, while enlarging the exceptional set. Repeating
this improvement ®(loglog (X)) times reduces the coefficient bound to a constant and yields an
exceptional set of size

k*(loglog ki (X))?
0




Thus, despite applying to highly ill-conditioned designs, the resulting prediction and sample-complexity
bounds retain a quantitative dependence on «x(X). The preconditioner construction is also technically
involved: each improvement stage itself requires repeated sampling of candidate sets, coordinate-wise
convex optimization, and basis updates. Our construction addresses both aspects: it replaces the
iterative procedure with a one-shot argument and removes the condition-number dependence. We
discuss the relationship between the two constructions in more detail in Section 1.2.

1.1 Our results

We give a one-shot good preconditioner whose exceptional-set size is O(k?/§). Throughout this paper,
we assume ki (X) < oo, equivalently, the nullspace of X does not contain nonzero k-sparse vector. By
rescaling the columns and applying the inverse rescaling to the corresponding coefficients, we may
assume without loss of generality that

max
Jjeld]
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where X (/) denotes the j-th column. This transformation preserves the prediction vector Xw*, the
support of w*, and the qualitative guarantee «j (X) < oo.
Our main regression theorem is the following.

Theorem 1.1. Let X € RV*? satisfy max;c(q] ”X(j)”2 < VN and ki (X) < o0, and let2 < k < d and
0,y € (0,1/2). With probability at least 0.9 over the randomness of the algorithm, there is a family

[d] d
gg(k), |g|z<1—6>(k),

such that the following holds for every S € G and every w* supported on S with || Xw*||, < VN.
Given labels y = Xw* + &, where & is a mean-zero o-sub-gaussian random vector independent of
X, the regression algorithm outputs w € R? satisfying

1 % —~\ 112 Cok k
3 X" = w)ll3 < N (% + Vlog(d/Y)) (1

with probability at least 1 — y over the noise. Here C > 0 is a universal constant.

The preconditioner construction uses O (N ‘ék ) real-arithmetic operations. The regression step is

a convex program and runs in polynomial time'.

|| Xw*||, < VN is a normalization condition that can be replaced by a general radius parameter at
the cost of a corresponding scaling of the error bound.
As an immediate consequence of theorem 1.1, an & prediction error is achieved once
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The preconditioner theorem underlying theorem 1.1 may be useful independently:

!Concretely, in the real-arithmetic model, an 5-accurate solution of the regression step can be computed in
poly(N, d,log(1/n)) arithmetic operations



Theorem 1.2 (One-shot good preconditioner, informal). For X € RNV*4 satisfying max jeld] ||X () ||2 <
VN and ki(X) < o0, and & € (0,1), a collection of ©(k/8) random (k — 1)-subsets defines, with
probability at least 0.9, a good preconditioner with an exceptional set of size O (k*/6).

The formal definitions and proofs appear in Sections 2 to 4.

The previous lower bound of Chandrasekaran, Meka, and Stavropoulos shows that Q(k2/8)
exceptional coordinates are necessary for the good-preconditioner abstraction, even for correlated
Gaussian designs [CMS26]. Thus our construction is optimal up to constants within this framework.

1.2 Intuition behind theorem 1.2

We now describe the main idea. As mentioned in the introduction, we want to find a change-of-basis
matrix and a small exceptional set /, such that after the change of basis, the coefficient vector has
bounded mass outside /.

Concretely, let B € R?*4 be invertible, let I C [d], and define Z = XBT. A good preconditioner
bounds || Z/)|l, < VN, has a small exceptional set 1, and satisfies the following property for most
random supports S:

1
Yw supportedon S :  ||(B™Tw)apl|, < —= l1Xwll,. 3)
& Tl < =
Our construction is quite simple: we sample R = ®(k/d) independent sets 71, ...,Tg € (,Ef]]) and
let I = Ule T,. Our exceptional set I is composed of a collection of “comparison sets” 71, . .., Tr,

which we will use to compare against a random support.
For a column index j € [d], define

Aj := min dist (X(j),colspan(XTr))
re[(R]

and .
r(j) := arg min dist (X(J),colspan(XTr)) ,
re[R]

ie., T, (;) is the comparison set that minimizes the residual. We construct Z as follows: for exceptional
j €1, wedefine ZU) = XU And for non-exceptional j ¢ I, we define the new j-th column to be the
normalized residual

X(j) - Projcolspan(XTr(j)) X(j)

zU) =N
VN Iy

This construction corresponds to a change-of-basis matrix B~ " whose j-th row is (A;/ VN )eJT. for
every j ¢ I. Therefore,
Vigl: (B"w);=(A;/VN)w;. (4)

In this way, the magnitude of the non-exceptional coordinate is determined by A ;, the distance of the
column to the closest comparison set.



Comparing distance with a random support. Now suppose we sample a random support S € ([i]).
This is equivalent to sampling j € [d] uniformly, sampling T € ([dgi{l"' }) uniformly, and set S = ToU{j}.
Conditioning on j ¢ I, we make the crucial observation that

T, T, ..., Tr

are exchangeable uniform subsets of [d] \ {j}. Therefore, focusing on a column X /), the chance that
Tp has a smaller j-residual than every comparison set is at most 1/(R + 1). Thus, a union bound over
k coordinates of S shows that with high probability over the sampling of 77, - - - , Tg, for at leasta 1 — ¢
fraction of supports S,

VjieS\I: AJ-sdist(X(j),colspan(XS\{j})). (5)

In other words, X /) is closer to one of the comparison spans than to the span induced by the random
support.

Distance to a bounded mass. Fix a support satisfying Equation (5) and a vector w supported on S.
For every coordinate j € [d], we can decompose

Xw =w; XY+ X\ (jyws\ ()
taking the distance to colspan (Xs\ (;}) gives
I Xwlly > |w;|- dist (X(j),colspan (XS\{J-})) )

Combining this with Equations (4) and (5) gives
1
(B "w);| = (A;/NN) [w;| < — I Xwll, .
| J’ J | J| VN 2

This proves Equation (3) simultaneously for every vector w supported on any support S satisfying
Equation (5).

Comparison with [CMS26]. We note that our use of random (k — 1)-subsets is directly motivated
by the improvement step of [CMS26]. In their construction, a random set T € ( ,E”_”l) is sampled, and
colspan(Xr) is used in a convex program to identify coordinate-wise updates for indices j ¢ T. Their
analysis uses the viewpoint § = To U {j} in an averaging argument to show that, whenever the current
preconditioner is not sufficiently good, a random set T has nonnegligible probability of exposing
many coordinates that can be improved. The algorithm repeatedly samples 7T until it finds one that
exposes sufficiently many such coordinates; it then adds this 7 to the exceptional set and performs the
corresponding row updates. The improvement procedure is subsequently repeated over successively
smaller coefficient scales.

Here, we instead sample the entire collection 77, .. ., Tg in advance, let each coordinate choose its
closest comparison span, and compare Ty = S \ {j} directly with the closet comparison set using the
exchangeability argument. This one-shot comparison eliminates the adaptive selection and repeated
improvement rounds, and yields a construction with no quantitative dependence on the condition
number.



2 Prelimiaries

Notations. For any integer n € Z.o, we use [n] to denote {1,...,n}. For T C [d], Xt is the
submatrix of X consisting of columns indexed by 7', and wr is the corresponding subvector. We use
X for the j-th column of X and B; for the j-th row of a matrix B. For I C [d], we write I=[d]\1I.
We use § ~ ([2”) for a uniformly random k-subset of [d]. The support of a vector w is denoted by
supp(w). For w € R and a fixed design matrix X, we define

1
Iwllx :== —= lIXwll,.
X N 2

\/_

A random vector £ € RY is o-sub-gaussian if, for every v € R with ||v||, = 1 and every ¢ > 0,

2
Pr[[(v, &) > 1] < 2exp (—#)

2.1 Good preconditioners

We now give the formal definition of good preconditioners. The following definition is an almost
equivalent rewriting of the original definition of good preconditioners in [CMS26]. We will describe
how this implies definition 3.1 in [CMS26] when we use such a preconditioner for regression in
Section 4.

Definition 2.1 (Good preconditioner). Let X € RN*d satisfy max je[q] ||X(f)||2 < VN and ki (X) < o0.
A pair (B, I), where B € R*? is an invertible conditioning matrix and I C [d] is an exceptional set-,
is an (¢, k, §)-good preconditioner for X if the following conditions hold.
(i) For Z := XBT,
max ”Z(j)“ < VN.
jeld] 2

(ii) The exceptional set has size || < ¢, and

supp((B™");) € TU {;} for every j € [d].

(iii) With probability at least 1 — & over S ~ ([Z]), the following holds simultaneously for every w € R¢
supported on S:

1B~ Tw)gl,, < liwllx - (6)

3 The one-shot good preconditioner

We now restate our construction and prove theorem 1.2 (formally stated as theorem 3.1).
Forj € [d]and T C [d] \ {j}, define

Aj(T) = dist (X(j),colspan(XT)) = min ”X(j) - XTa“ .
’ aeRT 2

We note that under the assumption «z(X) < oo, for every T with |[T| < k — 1 and every j ¢ T, one
has A;(T) > 0. Geometrically, X (/) has a nonzero component outside the span of Cr. This rules



Algorithm 1 RaNDOMPRECONDITIONER (X, k, &)
1: Set R « [10k/6].

: Sample independently Ty, ..., Tg ~ (,EC_”l)

2

3: Setl «— UR,T,.
4: for j € I do

5: Set B; « e]T..
6: for j € [d]\Ido

7 Choose r(j) € argmin,cjr) Aj(T;).

8 Let a'/) € R? be supported on T, (; and satisfy

Xal) = Projcolspan(xTr(j)) X,

9: Set )
T T
Aj(T(j)) e; = (a’’)
pj — ———, Bj & ——m.
VN pj

10: return (B, ).

out a basic obstruction of controlling ||w ||, for k-sparse w by the prediction norm ||w||x: otherwise
there would be a nonzero k-sparse null vector, which could be scaled arbitrarily without changing its
prediction norm. In particular, all residual normalizations used below are well-defined.

The construction can be interpreted as follows. The sampled sets form a collection of comparison
subspaces. Their union is the set of coordinates on which the final regression algorithm is allowed
to place arbitrary coeflicients, so we retain corresponding columns as it. Every other column is
residualized against its closet subspace and normalized to have length VN.

Theorem 3.1. Let X € RNV*4 satisfy max;e[q) ||X(j)||2 < VN and ki (X) < oo, and let2 < k < d and
6 € (0,1). Wgth probability at least 0.9, algorithm 1 outputs an (¢, k, §)-good preconditioner for X
with £ = O (%),

. . . 2 ; . .
Moreover, algorithm 1 can be implemented using O(%) real-arithmetic operations.

We divide the proof into the structural properties of B ( (i) and (ii) of definition 2.1), and the control
over the non-exceptional mass ( (iii) of definition 2.1).

3.1 Structural properties (i) and (ii)

Lemma 3.2 (Positivity of the residuals). For every j & I, one has pj > 0.

Proof. For every r € [R], j ¢ T, because j ¢ I. If A;(T,) = 0, then XU) € colspan(Xt,), giving
a nonzero vector in the nullspace of X supported on 7,- U {j}, a set of size k. This contradicts the
assumption kg (X) < oo.

mi

Lemma 3.3 (Structural properties). Let (B, I) be the output of algorithm 1 and let Z = XBT. Then the
following hold deterministically:

@) ||Z(j)||2 < VN for every j € [d].



(i) B is invertible and
supp((B™');) CTU{j}  foreveryj e [d].

Proof. If j € I, then Bj = eJT. and hence Z) = X/) whose norm is at most VN. If j ¢ I, then

xU) = xq)

zU) = XBT =
’ pj

The numerator is the residual of X/) from colspan(Xt, ), and has norm p; VN. Thus HZ () H2 =VN.
This proves part (i).

For (ii), we start with permuting the coordinates so that coordinates in  comes first. Because a (/)
is supported on 7,.(;) C I, the matrix B has block form

_(in 0
5=(% )
where D is diagonal and Dj; = 1/p; for j ¢ I, and A denotes the matrix recording the coefficients
used to subtract the projections onto the comparison spans. By lemma 3.2, D is invertible. Therefore

B is invertible and
_ I 0
B! = (_lellA D—‘)' @)

This proves part (ii). O

Since [ is a union of R sets of size k — 1, the size bound |I| = O(%) holds deterministically. It
remains to bound the mass of non-exceptional coordinates for most random supports.

3.2 Bounding the non-exceptional mass (iii)

We first state the elementary symmetry fact used in the proof.

Claim 34. Let Dy, D1, ..., DRg be exchangeable real-valued random variables. Then

Pr

Do < min D, | < .
re[R] R+1

Proof. Foreachi € {0,..., R}, let E; be the event that D; is strictly smaller than every other variable.
Exchangeability implies that the events E; have the same probability. They are also disjoint, thus the
claim follows. o

Fix a realization of the samples 77, . .., Tg. We say a support S € ([i]) is covered if

m[ilrg]Aj(Tr)sAj(S\{j}) forevery j € S\ I.
re

Lemma 3.5 (Most supports are covered). With probability at least 0.9 over the sampled sets Ty, . . ., T,
Pr [Siscovered] > 1-36. )
s~('¢)



Proof. As outlined in Section 1.2, we sample S ~ ([i]) and then sample j uniformly from S. This is
equivalent to sample j uniformly from [d], sample

- 19V 0))

andset S =Ty U {j}.

We condition on j ¢ I, which is the intersection of the independent events j ¢ T, for r € [R].
Under this conditioning, the sets 77, . . ., Tg remain independent and each is uniform in ([dg\_{lj} ). They
are also independent of Ty. Therefore

To, T, ..., TR

are exchangeable. Hence by claim 3.4,

Pr| min A;(T,) > A;(Tp) )
re[R]

¢ 1| < .
Jé]_R+1

If a support S is not covered, then at least one j € S \ I witnesses the bad event
&= {j € S\ /and rrg[ilrel] Ai(T,) > Aj(To)}.
Since j is uniform in S,
1[S is not covered] < kljr E|8,{T, - ,TR}].

where 1[-] denotes the indicator random variable. Taking expectation and applying Equation (9), we
get that
k 0
< —.
R+1710

By Markov’s inequality, with probability at least 0.9 over {T1,--- ,Tr},

Bz, 1%} l?gr[S is not covered] <

I;r[S is not covered] < 6,

which is exactly Equation (8). O

The viewpoint S = Ty U {j} follows [CMS26, Lemmas 3.5, 3.6, and 4.9]; here it is use with a
exchangeability argument to compare 7y directly with an independent collection of comparison sets.

The property of being covered can be translated into a bound connecting the coordinate’s magnitude
with the distance to the comparison span.

Lemma 3.6 (Bounding the the non-exceptional mass). Let S € ( [z]) be covered. Then, for every
w € R? supported on S and every j € S\ I,

pjlwil < lwllx .
Proof. Fix j € S\ I. We decompose

Xw =w; XD + X\ (jyws\()-



The second term lies in the subspace colspan(Xg\(;3). Taking the distance of both sides to
colspan(Xg\(;}) gives
1Xwlly > [wi[ A7 (S\ {7} (10)
Since S is covered,
piVN = min A;(T;) < A;(S\ {j}).

Combining this inequality with Equation (10) and dividing by VN proves the lemma. O

Proof of theorem 3.1. By lemma 3.3, conditions (i) and (ii) of definition 2.1 hold deterministically,
and |1 = O(£).

By lemma 3.5, with probability at least 0.9 over the sampling, a 1 — ¢ fraction of supports are
covered. Fix such a covered support S. Let w be supported on S. We can observe from Equation (7)
that for j ¢ I, column j of B! is zero except at its diagonal entry, which equals p j. Thus

(B™Tw)j = (B 'e))"w=pw;.
For j ¢ S U I, this gives (B~ "w); = 0. For j € S\ I, combining this with lemma 3.6 gives
|(B~Tw);| = pjlw;] < lIwllx -

Hence
|(B=Tw)ll, < Iwllx -

This is condition (iii) of definition 2.1.

3.3 Implementation and arithmetic complexity

The construction is particularly simple to implement. For each r € [R], we compute a (reduced) QR
factorization X7, = O, U,, where Q, € RN*(k=1) has orthonormal columns and U, € R*-Dx(k=1) jg
upper triangular. U, is also invertible because «;(X) < co. Then, for every j € [d], we can compute

NI (12
,1° =[x - ero ],
Moreover, let ¢(/") € R¥~! be the unique solution of
Urc(j’r) — (Q:X)(j).

Then
XTrC(J’r) — QrUrC(J,r) — QrQIX(j) — Projcolspan(XT,) x )

Thus, extending ¢/*") by zero outside 7, gives the coefficient vector representing this projection. In
algorithm 1, while iterating over the loop (Line 6), we retain the smallest residual encountered and its
corresponding coefficient vector. At termination, these are A;(7}.(;)) and a'?), respectively.

For a fixed r, computing the QR factorization, the product Q] X, and solving the d triangular
systems U, ¢/>") = (QT X)) takes

O(NK? + Ndk + dk?) = O(Ndk)

real-arithmetic operations. Since R = O(k/6), the total arithmetic complexity is O (%"2).

10



4 Regression from a good preconditioner

We use the regression theorem of Chandrasekaran, Meka, and Stavropoulos [CMS26, Theorems 3.4
and 5.1]. We first verify that our reformulation of the good-preconditioner definition 2.1 implies the
corresponding definition 3.1 in [CMS26].

Claim4.1. Let (B, ) be an (¢, k, 8)-good preconditioner for X as in definition 2.1. Let D be the uniform
distribution over the rows of the design matrix X. Then (B, I) is an (¢, k, §)-good preconditioner for
D as in definition 3.1 in [CMS26]. In particular, the following holds:

(a) max;jeq) Bx-p[(Bx)7] < 1.

(b) The exceptional set has size |I| < €, and
supp((B_l)j) clu{j} forevery j € [d].

(c) Withprobability at least 1-6 over S ~ ([i]),forallw € R4 with supp(w) C SandE,.p[(w-x)?] <
1, it holds that
5wl < o)

Proof. For (a), let Z = XB". Since D is the uniform distribution over the rows of X, for every j € [d],

1 >
Ben|B0)?] = < x5BT = 5|

- b= il
N 2

By condition (i) of definition 2.1, ||Z G )”2 < VN for every j € [d], which implies (a).
Condition (b) is exactly condition (ii) in definition 2.1. It remains to verify (c). By condition (iii) of
definition 2.1, with probability 1 — § over § ~ ([z]), simultaneously for every w € R? supported on S,

[(B~Tw)zll, < wllx -

Fix a support S for which this guarantee holds, and let w additionally satisfy E,.p [(w . x)z] < 1.
Since D is uniform over the rows of X,

1
Bop|(w- )] = % 1Xwl = Wl

Hence ||w||x < 1, and therefore
(B~ Tw)z|l, <lwllx < 1.

This proves (c) and completes the proof of the claim. O

We now restate the regression theorem of [CMS26] in our notation. This immediately leads to our
main result.

Theorem 4.2 (Regression from a good preconditioner, theorem 3.4, 5.1 of [CMS26]). Let X € RV*4
satisfy max;c[q] ||X(j)||2 < VN, and let (B, 1) be an ({, k, §)-good preconditioner for X. There is a
polynomial-time algorithm with the following guarantee.
For every support S such that definition 2.1 (iii) holds and every w* supported on S with
I Xw*|l, < VN, given
y=Xw"+&,

11



where £ is a mean-zero o -sub-gaussian random vector independent of X, the algorithm outputs w € R¢
such that, with probability at least 1 — vy over the noise,

| Cok
N X =)l < = (VU Viog(d)) (an

Proof of theorem 1.1. This is a direct corollary of theorem 3.1,claim 4.1, and theorem 4.2. O

5 Conclusions

We gave a one-shot, condition-number-independent construction of good preconditioners for sparse
linear regression on random supports. The construction is based on a collection of random comparison
spans. The resulting exceptional set has size ®(k?/§), matching the known lower bound for the
framework. As a result, we obtain a sparse linear regression algorithm on random supports, with a
sublinear-in-d, condition-number-independent sample complexity and polynomial runtime.
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